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Definition of Vector
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Definition of Vector
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Notes

e LUAJYANN Vector ANIAUIALRLNANIY LI
ghusatdau Vector tilugaggiu
— ruauaunuingrIel Scalar
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Vector Operations
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Addition and Substraction

1.2 n1uIniazauvad Vector: Triangle Law of Addition
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ANTUsveNE LU tu Plane
Geometry

Example 1.1 1nautiaey ABCuaz DBE ﬁagﬂﬁ 1.6 91983 aimualsn DB =(2/5)4B, uaz
BE =(2/5)BC asiignih DE // AC uaz DE = (2/5)AC ndniie ABC waz DBE damion

(@319 (Similar Triangle)
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Example 1.1 9nanviaey ABC uaz DBE ﬁagﬂﬁ 1.6913a13 anmualn DB = (2/5)AB, uaz
BE =(2/5)BC wdignit DE// AC waz DE = (2/5)AC ndide ABC uaz DBE fhuanamiasy

(3o U (Similar Triangle)
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51N 1.6 aavasndmIuMendIoim 1.1
. | 4 = 4 . P, - > = 4
MA waAIuAazAuIaEas 1agld Vector F3landfimua DB =2 AB waz BE =2 BC %013
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DE =DB+BE =2AB+2BC =2(4AB+BC)=2AC
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gﬂﬁ 1.7 Parallelogram
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Component Vector

gﬂﬁ 1.11 Component Vectors Ui F




Component Vector In
Cartesian Coordinate

1.4 Vector in Cartesian Coordinate

g =t : 1 e q 3 B =1
Tunsdluad Vector 14 R* na1nfaly 3-Dimension 15114 Right-Handed System 1uM3 e Coordinate
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Component Vector In
Cartesian Coordinate

e AA15au0 Vector F Tu R3 vi%a 3 b
Usgnauala F,, F,), F; sa&unsacdiau

— F — Fli + F2j+F3k




Component Vector In

Cartesian Coordinate
- F — Fli + F2j+F3k
e AANNAA F dgdrullsenauuuaidnny

e RS IUNT5LAIN Component
Vector z




Position Vector

e 31U Space gusaugadlalaale Vecto
31310 Origin
— anaL3an Location Vector 3a Radius Vector
— 36 P ugas'laiaalad Vector OP
— uasahusaudaelalaaled Component Vector
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Position Vector way
Addition-Subtraction using
Component Vector

A=4i+4,j+4k,B=Bi+B,j+Bk AtB=(4+B)i+(4,£B,)j+(4£B,)
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Position Vector
Position Vector: I' = position vector of P(.T vIo)r=xi+yj+:zk, ‘l‘ = \J."Ixz T }»‘2 +2°

NMA=Ai+4j+ A4k wz:B=Bi+Bj+Bknld
A+B=(4 +B)i+(4 +B,)j+(4 + Bk

Distance Between
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WHIWITaIAUKRZRUAU LAY Taans
UINAULLEAARE Component LULAULAEIINU

— Vector Product shunsasuianletuuiu
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— Vector MiAaan&adanlu Space 11150
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Any vectors In Cartesian

Coordinates
e Glven 2 Points, P(x1,yl,z1) and
Q(x2,y2,z2)
— We have CP+PQ=0Q
— Then PQ = CGQ — OF
e PQ = x2i+y2)+z2k — x1li+ylj+z1k
e PQ =(x2-x1)i+(y2-y1)j+(z2-z1)k
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Any vectors In Cartesian
Coordinates
e Glven 2 Points, P(x1,yl,z1) and
Q(x2,y2,22)
— PO =(x2-x1)i+(y2-yl)j+(z2-z1)k
— Also magnitude or length of vector Is the

distance between those 2 points (Euclidian
Distance)

e PQ = V(x2-x1)2+(y2-y1)2+(z2-21)2

A" 9‘ 0 // >y
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Direction Cosine/Ratio

e Vector & usatdautilugavaruldsgnau

A=|Aa

—AU1A §1U15011 16918 Asel Position Vector

— NANIY Aa Unit Vector NANEANIILAEIAUNL
Vector 1Uu

e iy fsawantilu Component Vector vuiaiag
wnulase

e MANIRUITAMKRUAGIANUNAVINAULARSLLAU AR

Magaduuudl &UWUSAUNIINITNUTLA TaAITANKRUR
faeA1 Cosine waduu 13en Direction Cosine




Direction Cosine

e Position vector OP
— Magnitude equal to OP = Vx2+y2+272
— Direction: cosal+cosf3j+cosyk
e Called Direction Cosine

F=0P= Fi+ F j+ F.k = OPcosai+ OPcos fj+ OPcos )k = OP(cos ai + cos fj + cos k)

We have
cosa—=F,/0P
cosp=F,/0P




Direction Cosine and
Direction Ratio

¥
o

= gy [] ] = o y
g Veetor F = OP = Fi + F,j+ EK fiftmas Vector annsoiniua 1010 Direction 1231
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1 E’ 0 W o Lg.-:l
N a, B,y anddy ani
i

F :@:Ei+Fjj+ﬂk =OPcosai+OPcos fj+ OPcos ’k = OP(cosad + cos fj + cos k)

| =l v | ' " =
A1 08,08 3,08 7 (387 Direction Cosine 183 Vector F dunat cosed + cos ] +cos 7k azapay
w -:i! o b 3 .3 ] ;
Unit Veator A3t 14 cos® ¢z +cos” f+cos” y =1 wonnmimdcosa =/ F, cos f=F,/ F.

iz cosy =F,/F




Direction Cosine and
Direction Ratio

: = 1 ‘ :1:? =t ‘
sasasdemsdsuliagligldandvasimmnudnnaniizy Cosine Tunsaithsdioulugives |
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1 -=v%'I = g = =, = = 2
#1715 1390 Direction Ratio 1uAivaiwan[F, F,, F,] 1739070 Direction Ratio 194 F ’




Example

e Given points P,(2,-4,5) and P,(1,3,-2),
find the vector P,P, and its magnitude
and direction
— 0P, = 21-4)+5k and OP, = 1+3j-2k
— P, P,=0P,-0OP,=-i+7j-7k
— P,P, = V1+49+49=+99
— Cos o = -1/499 then o = 95.8 degree
— Cos B = 7/499 then B = 45.3 degree

s y = -7/N99 then y = 134.7 degree




Direction Cosine and
Direction Ratio

=1 & R
'ﬂ’l‘iilﬂ g8l Direction Ratio Lﬂ‘IJ_ Direction Cosine ‘ﬂ’lhlﬂ lﬂEﬂ‘H
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[ mn n

[ 12 2 IR P 2 27 [ 2 2
N +m +n N +m +n A +m +n

EX. 94113)171n5 211171 Coordinate &1 uiduiamainya P(LL1) uaz O(3,-2.4)




Next Week

e \Vector Product
— Scalar Product(Dot)
— Vector Product(Cross)

e Chapter Il: MATRICES
e HW II

A@‘

\




D

PE/332
Computer Engineering
Mathematics I

Week 2
Chapter 1 Vector (cont.) %

\/eha@}er-zqwg{/




Today Topics

e Chapter 1 Cont.
e Break
e Chapter 2: Matrix

e Download Homework 1: Chapter 1
— Due Next Week
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Component Vector

gﬂﬁ 1.11 Component Vectors Ui F




Component Vector In
Cartesian Coordinate

1.4 Vector in Cartesian Coordinate

g =t : 1 e q 3 B =1
Tunsdluad Vector 14 R* na1nfaly 3-Dimension 15114 Right-Handed System 1uM3 e Coordinate

1 & o o =1 = = [ =1 = . #
Vodlnu x, v, = AR AN Mz TRaNuAa =AUl Unit Vector 1134 1,‘].,1{
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Component Vector In
Cartesian Coordinate

e AA15au0 Vector F Tu R3 vi%a 3 b
Usgnauala F,, F,), F; sa&unsacdiau

— F — Fli + F2j+F3k




Position Vector

e 31U Space gusaugadlalaale Vecto
31310 Origin
— anaL3an Location Vector 3a Radius Vector
— 36 P ugas'laiaalad Vector OP
— uasahusaudaelalaaled Component Vector

;,pP




Position Vector way
Addition-Subtraction using
Component Vector

A=4i+4,j+4k,B=Bi+B,j+Bk AtB=(4+B)i+(4,£B,)j+(4£B,)

w I a1 o4 a . u-' 1 =l L

GEITIRN A” ,B” (1111611 Sealar na12ABILH Magnitude U9 Component #1435 UUARZLINN TﬂEﬁTﬂ'ﬂ Origin V84
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Coordinate E]g“ﬂﬂﬂﬁllﬁﬂ“ﬂﬁ]ﬂ Vector 14A381HL5 1580 Vector 113119 1ﬂ'ﬂﬂﬁ'ﬂﬁu(ﬁ§laﬁg}”lﬂﬂ»‘i'ﬂ’lﬂ Origin) iy

Position Vector
Position Vector: I' = position vector of P(.T vIo)r=xi+yj+:zk, ‘l‘ = \J."Ixz T }»‘2 +2°

NMA=Ai+4j+ A4k wz:B=Bi+Bj+Bknld
A+B=(4 +B)i+(4 +B,)j+(4 + Bk

Distance Between
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Any vectors In Cartesian
Coordinates
e Glven 2 Points, P(x1,yl,z1) and
Q(x2,y2,22)
— PO =(x2-x1)i+(y2-yl)j+(z2-z1)k
— Also magnitude or length of vector Is the

distance between those 2 points (Euclidian
Distance)

e PQ = V(x2-x1)2+(y2-y1)2+(z2-21)2
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Direction Cosine/Ratio

e Vector & usatdautilugavaruldsgnau

A=|Aa

—AU1A §1U15011 16918 Asel Position Vector

— NANIY Aa Unit Vector NANEANIILAEIAUNL
Vector 1Uu

e iy fsawantilu Component Vector vuiaiag
wnulase

e MANIRUITAMKRUAGIANUNAVINAULARSLLAU AR

Magaduuudl &UWUSAUNIINITNUTLA TaAITANKRUR
faeA1 Cosine waduu 13en Direction Cosine




Direction Cosine

e Position vector OP
— Magnitude equal to OP = Vx2+y2+272
— Direction: cosal+cosf3j+cosyk
e Called Direction Cosine

F=0P= Fi+ F j+ F.k = OPcosai+ OPcos fj+ OPcos )k = OP(cos ai + cos fj + cos k)

We have
cosa—=F,/0P
cosp=F,/0P




Products of Vectors

e \Vector Product
— Scalar Product(DOT)
— Vector Product(Cross)
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Scalar Product(DOT)

Scalar Product: AeB = 4Bcosé, 22114 Scalar Quantity 32113 Commutative AeB=Be A




AUENLA

Scalar Product (DOT)

I

\

¥
e84 Vector A9R 1NN, Perpendicular: € =90°, AeB =0

2

M&83 Vector 1UAY, AeB = 4B nsdifimu Ae A=A =|A] = 4°=5q

P
\
Magnitude /
AeB = 4(Bcosf)=(A4cosH)B =4 g Component 191 B Tunanves A=B
A% Component 194 A Tufiemisves B uazdn 1y m il Unit Vector Tudiamaniia 15102

14 A en = Acos® 11l Component 193 A '114%111&1??14 >

Ae(B+C)=AeB+Ae(C

iej=—jek=kei=0uaziei=jej=kek = lfﬂwum >
A=A4di+A4j+AKk uazB=Bi+B,j+Bkunla

AeB=AB +AB, + 4B,

AeB |

cosé =

iEx. HHTEHINADI Vector A=i—j—K,B=2i+j+2k

e



Scalar(Dot) Product




Scalar(Dot) Product

— Ae(B+C)=AeB+AeC
— Let A = a,l+a,J+azk, B = b,I+Db,J+b;k
 We have AeB = a,b,+a,b,+a;b,
— Also cas@:ﬁ
— Given S=al+Dbj, the equation of line
perpendicular to this vector is in the form

e ax+by=c

Line ax+by=c

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

-
-
-
-
-




DOT Product

Geomefric Application:
1. Ejji‘Jﬁ Pythagorus’s Theorem (.‘2 =da . + bz
2. ﬁg%ﬁfosille Rule CE = r:rz —I—bz —2abcosC
3. maumsduasann P(x, v) Sanfuduiiinma s = ai + bjuaztiuga A'(x",y")
ldaumsax +by =c=ax'+ by’
4. YWTTHN SCRGUN BRI
5. 381991098 P(x, ) lgadudifmue ai + bj=c

- 1 P 2
6. @UN15984 Plane lA8A1HUA Normal Direction a LAz Plane F1uyn B(OB =b) o
¢

= o

1% P danlasus Plane uay OP =1 15714 BP 08t Plane tazfaniniu a 137
T8(r—b)ea=0 s

Mr=xi+yj+zKk. b=0bi+b,j+bk, a=ai+a,j+ak mannsom
aum5184 Plane 18150 a,x + a,y + a2 = a,b, + a,b, + asb; = ¢ ¥4fl Coefficient

WAL C omponent lua




Example

e Find the angle between the vector
— A=i-j-k and B = 2i+j+2k

e \We calculate AeB = 1.2-1.1-1.2=-1
e Also A = V(1+1+1)=V3

e Also B = V(4+1+4)=3

e Then Cos 6 = -1/33

— 0 = 101.1 degrees




Vector Product (Cross)

Vector Product: A xB |

£l

ol
i) AxBaazdmnnuni A uazB.

(i) Magnitude: |A xB| = 4Bsiné,

.:: o = .:: ! =
(iif) 3J31N3 2911 Az NANIWDY Vector 1 1092111 11/A11 Right Hand Rotation

A«B
e




Cross Product

ﬂ UFANLAVDI Vector Product:

1.

| g

Lad

A

8711 1304 unit vector 19 AxB11ld AxB = 4ABsin@nuaz

Bx A= _4Bsinf&(-n) ﬁ'dﬁma @3 AxB=-BxA \

drisares Vector WY A x B = 0 §1 Vector udazAd linihiugud /

H1iise04 Veotor Aanni A x B = 4B i

ixi=jxj=kxk=0ixj=k jxk=ikxi=j,jxi=—K,...

Ax(B+C)=AxB+AxC

A=Ai+Aj+ Ak, B=Bi+B,j+Bk

AxB=(4,B, -~ 4,B))i— (4B, — A,B)j+ (4B, — A,B)k dsusnadla
i K

AxB=|A, A, A

B, B, B, |

111 Magnitude

-_——

[B+]
M

. 4 ga 4 4 o
A x B| = ABsin 6 Fsnfafiuiiues Parallelogram fifliutlsznaudy

94 Vector A9NA17



1 3
] e g 1 me 1 1 al e
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2 3 o n kX -1 [ a -1 1
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3 Vector Products

- (BeQO)A=7A

- Ae(BxC)=Be(CxA)=Ce(AxB)uhAvud51nas Parallelepiped tazannsaiizu i

4 A 4 /
Ae(BxC)=|B, B, B,
c C G

- A x (B x C) 50 Vector Triple Product 13113130731l 1691 Ax (BxC)=(AeC)B-(AeB)C |




Examples

e Let A=21+3j-k, B=I1+]+2k
— AeB =2+3-2 =3
— AxB = (6+1)i-(4+1)j+(2-3)k=7i1-5j-k
— AxB Is orthogonal to both A and B
e Test : Ae(AxB) = (2i+3j-k)e(7i-5j-k) = 14-
15+1=0
e Test : Be(AxB) = (i+j+2k)e(7i-5j-k) = 7-5-

2=0
A@‘

\




Plane Equation in 3D

e Tu 2D &unstdunsaazld general Form
— Ax+By=C
e Tu 3D &un15uay9 Plane agdl General
Form
— Ax+By+Cz=D
~ D fludraei nagaunislugiifendu weia
D a9y agtduszununuuiudu
e 3x-2y+5z = 3 agAUUNU 3X-2y+52 = 6




Example 1

e MuUuUaUNITUAY Plane 2x+3y+22 5 9
W1 unit vector Mgvanafu Plane 1

— finum 3 3n Aa A, B, C il

— A: x=0,y=0, 6911 z=5/2 > A(0,0,2.5)

— B: x=1,y=0, e‘i’oﬁ?uz (5-2)/2 > B(1,0,1.5)
—C: x= Oy 1, f9tiu z= (5-3)/2 - C(0,1,1)

— Vector AB x AC a¥'lé Vector Migaarniy
Plane

A@‘

\




AB=i-k, AC=j-15k

i j K
ABxAC=[1 0 -1|=i+15j+k
0 1 -15
TP i +1.5j+k]
J4.25

- datneinnng Yector iy multiple 2a9
21+3]+2k azaaannnu Plane 2x+3y+2z=k
l&ua 1aani k iduananilng




Example 2

- IUNANNTTUAY Plane 7idoarndy Vector
3i-2j-k uazAmualvaa (1,1,2) aguu
Plane 11y
— AMatvnaY 1 ldaun1suaY Plane iy
3x-2y-z= K

— 1A Kk Taaunuaiye (1,1,2) aslu
gun1savll 3(1)-2(1)-(2)=-1=k

— fotiugunIsAsasnsaztily 3x-2y-z+1=0
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Definition of Matrix

. . = af -
7 m Matrix A 131580 Matrix A 3] orders 71 m $01)32080A19 Armay vasinaw a;; Feulugl

a1y a1z o dyy

G371 daz " oy

Au1 Au2 7 Ay




Row Matrix, Column Matrix

\

Row Matrix 39 Row Vector 3/ | Row 141 B = [bl bz a 1)3 ‘,] 1114 Row Vector Y113 11
Column Matrix ﬁ'ﬂ Column vector ﬁ [ Column L‘ﬂf‘u Column Vector 1@ 71X 1

(




Basic Operations

Addition&Substraction:

]
=r- 1w =1

o o | e
i 13d 50 Matrix 75 order o111 TipgianiAdh Commutative uaz Associative o A + B =B+ A uas
A+(B+C)=(A+B)+C




Matrix Multiplication

Multiplication:

A5 AUY83 Matrix 111981 A @ B (4 dot B) 430 AB | uazd C=AB 1511d

n
C{-}- = Z (:fﬂbﬁ
I=1

o o o A s Bl 1 v g 1]
3 ﬂm'ﬂﬁ'ﬂﬂdﬁﬁl@ﬂ d84911 Inner Rule 'ﬁﬁ]'ﬂ WIUUD column V83 A 92ABININVNIUIUYD row VD1 B il
¥ I 1
A=mxn,B=nxpinzlad C=mx p Matrix M3An81 Matrix 3z 13l Commutative (AB # BA) sz
Associative (1azDistributive N1a179 A(BC)= (AB)Cuaz A(B+C)=AB+ AC




Sguare Matrix

Square Matrix/Matrix Power:

y = = - w I o w = y
01 Mateix § order A = X 11 159500 Mateix. A 79803 square mateix, §310A71715999 Mateix 2zt 1/ 19

v 1 E I )i 3
19150 Square Matrix 17931 3 AeA=A"AoAoA=A"




Matrix Transpose

Transpose:

= = X 2
Transpose (UM31anA8H column 1Az row Y93 Matix, M A = (a,,, ) — AL = (a,,,) Mluruduuan;
. 4 = ¥
Array Y99 Elements 183 Matrix ¥3 013 130 1oy

ay dip o A4y

(a1 dzp -+ day

Ay A2 7 gy |

faguna A+B)  =AT+BY, (AB)! =B'AT ez Al = A




Types of Matrix

Symmetric/Skew-Svmmetric:

=4 = Y

.oq_ = e T = . E 1o L T =t
1 Square Matrix laziaant A = A 515380 Matrix Y100 Symmetiic, lupsaiion A™ =—A 15115en
Y
T I~
Matrix 11171113 Skew-Symmetric
. . - a [~ I = 3 ‘ =1 a
Real square Matrix(Matrix 115218173 Elements 11aA11591ua) 1o7) annsodienlalugiianinuad Real

Symmetric 11 Real Skew-Symmetric Matrix




Types of Matrix

\

=t = ¥ 4
Complex Conjugate U8 Matrix A dowin A Hi A= (nm”,) 514 ~\ ( Hm) A0 Element ajj UB

Complex Conjugate:

2 : ] Ko Fo :
Matrix Ay x + IV, 1511 Element bU- 194 Matrix B=A 11l jj 130X — Jy




Types of Matrix

2.3.3 Hermitian/Skew-Hermitian:

LErEY

. = o -:v:. :E{T = , 1 =t o . 1 = \

Matrix A ﬁ]ﬂ'ﬂﬂlﬁi]ﬂ@l laon A=A 15145 89 Matrix A ’.J’IHJ‘IJ. Hermitian Matrix. !!%]ﬁWlﬂﬂ /
5#‘?_ =1 ) = . .

A=-A 31921380 Matrix A ’J]HJ‘L! Skew-Hermitian Matrix

1 #] = =1 1 2 = H s . . o s H
A1 AT Weudnedaniiadly A” uazd 13y Hermitian Matrix 157 laaaandd A= A

L]
=N =K

1un 3N Matrix JUAA153 A1 C onjugate UDI Matrix 9z l3i1Aeu ey Hermitian Matrix/Skew-Hermitian

Matrix 92 1IANUHINGASINUNL Symmetric/Skew-Symmetric Matrix




Types of Matrix

Diagonal & Trace:

==t 1 . . i = 4 . . = 1
Square Matrix A MIiludA1 (a;;) .7 = juay Elements dudluguddiai # j 15758n311)u Diagonal Matrix,
diag(}‘l) N3N8D ARV Elements 13 Diagonal 199 A

; o o =
trace(A) W3Ne8IHAaT IV Elements 11 Diagonal 483 A (A liidniludouily Diagonal Matrix)

= =iz ' e o
Tridiagonal Matrix Y11118104 Square Matrix 113 Element ﬁu*] 1l A8 UBNIN Diagonal Element LAz

Element ﬁElf_:I"LIHLsziNEUEN Diagonal ’




Types of Matrix

Identitv Matrix:

-'i-I =: =\ I -'f .:& jf =\ :f
| 51 Square Diagonal Matrix 113/ Elements 1y Diagonal 1y “wily” Nanua, 1ien 1y [dentity Matrix L8

w qy ; o w I ]
inve lymiasmine < uny danan AI=TA=A wa: I =1

Zero or Null Matrix:

=1 o o a
0 1158 Null A9 Matrix 1 Elements )70 311 g




Matrix Inverse

\

=t —] = was — — — 20 a 1o
Tuverse 99 Matrix A fon A Tmitiilaoi AA™ = A7 A =Tuaz A e l3fdaile A lidh

Singular 130 det(A) # 0, auauiiind iy (AB)” =B~A™




Orthogonal/Unitary Matrix

\

1 Marix A figandii AT = A wdo ATA =X, 1un A i Orthogonal Marix, 1 h

= % — i st 3
AT = ALt ATTA = Lisfonh A (i Unitary Matrix




Orthogonal Vector

Orthogonal Vector:
ay b
ap by
0 Vector a03@2de A= “| B=|
Ay | _bﬂ_

-dt' =h
L1812 Scalar Product U941 A uaz B s nvau

ATB = ajby + arby ++++ + a,b,, = Scalar Product
Tunsain A uaz B Orthogonal A, 1319218

A.TB = ﬂlbl + ﬂ'zbz + - ‘l—ﬂﬂbﬁ = 0,




Orthogonal Vector

Tunsain A uaz B Orthogonal i, 1519214
ATB = Hlbl + {?zbz + e ‘|‘{?Hbﬁ = 0,

‘ =1 ﬂE:f b Gy EL
lunsalued Complex Vector(Md A taz B ), 81 A orthogonal AU B, 15114 A Ig-o.
( j # ]( ) !

0

o - =1 LN -8 - =1 1 G =t =t

01 Vector Set Xq,X7,... Iguauua X j-T X, :{ o 151136 Set Y93 Vector 1Y Unitary Set, . 1un3 ol
J=FK

L

y
a1 = =l 1o
XI- 1A1979(real), 15581 Set DI Vector ¥ 114 Orthonormal set (W 130 Orthogonal set U8 vectm‘)

f191 Orthonormal 438 Unitary 3z 14118 Magnitude 193 Vector fanamiimuAumis




Examples

3 5
2 6 |isasquare matrix of order 3x 3, A is alsoa symmetric matrix
6 4

— 6 |Is a square matrix of order 3x 3, B is also a skew - symmetric matri

Is a diagonal matrix, Diag(C) ={1, 2,3}, trace(C) =1+2+3=6




Examples

Is an upper diagonal matrix

O
Il
o O N
I
A~ W

I
—
o -
— O
I—
w_

I
o O B
o - O
— O O




Examples

For any matrix A we have AA" is a symmetric matrix, A'A is also a symmetric matrix.
proof : From(AB)' =B'A" we have (AA")" =(A")' A" = AA"

0 0O
F=/0 O O0]isazeromatrix of order3x3
0 0 0

G=[0 0 O0]isazerorow vectorand H=|0 |isa zero column vector




Examples

K =3I —2j+ 4k can be written in matrix formas| - 2

L = 2i + j—k can be written in matrix formas| 1




Examples

10 -1 P4

M=[2 1 1| N=/-% 1 2|

01 -1 |3 hd
1 0 -1+ L 1| /1 0 O]
wehaveMN={2 1 1 |-+ + -2/=/0 1 0
01 -1)|-+ + 2 0 0 1

We can say that M = N™*and N = M since MN = 1.
If matrix is diagonal, the inverse is just the matrix with
reciprocal of diagonal elements and is also diagonal.

- 1 0 0] 1 0 0
. or example,O=|0 2 O0|thenO™*=|0

00 3 0

o

O =

w|—



Examples

cosé siné |, .
P=| IS an orthogonal matrix since
—sind cosé

4 1 |cos@ —sinf
P"=P =| | , We can see that
sing cosd
opT _ cosd sing | cos@ —sing
| —sin@ cosd | sind cosd
| cos?@+sin?e —cosdsin @ +sin & cos O
—sin@cosd + cosHsin g ccos® @ +sin® 6

10 for any angle @
0 1 yang




Determinant

¥
=i

] q V= o) ¢ =4 --='I3.I q 3 s
A1 Determinant Y81 Matrix 813130 1iHen lavianauuy luniaid 1519214 Recursive Definition 6131

Fh Determinant U893 Matrix @ 1119 1x 1 1ﬁﬁ EI’Iil"J"Iﬁ'Fl"I!“l"I"Iﬁ"].I'Fi’I Scalar @ U@z Determinant U84 Matrix

-_-i”
Avva nxn ﬁ’lil’l‘é’ﬂ“r‘i"lhlﬁﬁﬂﬂ
n
det(A) = > (=1)""'a, , det(A, )
j=l

o -=|:. d 5'.-' :: .:'!1' -=':. w -='!1'
laon A, 1 Matrix 1@ (7 —1) x (n—1) TaannsavunINnmiil uaz Column 1 7 U9 Matrix A 990 %3
)

1 -=':. 3 = &
17 Determinant 1 Lln’?"l VN8N Minor 194 Element @, . 1u Matrix A




Determinant of Matrix

e Glven square matrix, determinant of a
matrix A written |A] is defined by
recursive equation as

det(A) =|A| = Zn:(—l)”" a; ; -Minor(a, ;)

= Zn:(—l)”'aj,, -Minor(a,)

— Starting from [a,,;] = a, and det(a)=a

;‘@‘

\




Sign Matrix

e Given matrix A of order nxn

— Sign matrix of A Is the matrix in the form
B=[by]=[(-D*]

Ay A, (=1)
Ay 8y Ay, (—l)3 (—1)4 (_1)n+2
A= : sign A=|

oooooo




Minor a;

e |s the determinant of matrix A after
taken out row it" and jt column.

_I
it
® w1

» O
AN

1 QO
&

N w IEJ
[N [y [EEY
|

o1
ity

35

a'45

a‘55

1
—2
3
4

2 -3
3 4
—4 5
5 -6
6 7
2 4
—4 6
5 7
8

£

4
-5 6
6 —7
/ 8
8 -9
5
-7
8
-9




Cofactor a;

 Cofactor a; Is the minor a; with the sign

according to sign pattern

Matrix of cofactor of A Is the matrix B

which each element bj is the cofactor

Ex. A=

—~

A@‘

\

~N AP

co O1 DN

O O W

,Co(A) =

5 6 |4 6
89|_|79
2 3

SR
2 3 1 3
56|_|46

13||

4 5
7 8

1 2
4 5

1 2
7 8




Determinant of 2x2 and 3x3

Determinants: |A|

a

11 2|
— {10y — Uy Ay

dy Ay
ay Ay Ay

|l dyg y,  dy ty Ay
Ay Uy Uyl = Ay — Ay +dy;

Ay Uy (3; Ay as; iy

y Uy iy

L

= a,, - Minor of a,, —a,, -Minor of a,, + a,; - Minor of a,
= dy (ﬁzzﬁﬁ —ay,0,;) —ay, ("3"21”33 — ‘5?31”23) Tdp, (nzlﬁzz — 30y,




Calculation of Determinant using
Recursive Expansion

det(A) =|A| = Zn:(—l)‘“'aLj -Minor(a, ;)

= Zn:(—l)”' a;, -Minor(a;,)
j=1
a b

al=a, —ad —bc
c d
a b c
d e f:ae_ f—bc_l f+c(?I E_l
ik ] K Ik I

=a(ek — jf) —b(dk —if ) + c(dj —ie)
= aek-afi —bdk + bfi + cdj —cei, first row expand
a ¢

f jla ¢
+€. — ]

1 Kk 1 K d f
=—-b(dk —if ) + e(ak —ic) — j(af —dc)

= —bdk + bfi + aek — cei — afj + cdj, second column expand




Calculation of Determinant using

Recursive Expansion

det(A) =|A| = Zn:(—l)‘“'ai,j -Minor(a; ;)

=Zn:(—l)j+' a;,-Minor(a,,)

A4

Ay,
s
Ayy

D

a'21

—a;,|a

31

a41

a'23
a33

Ays

a24
a34

a'44

+ dg|d

Complexity = O(n!)

—ay




AU EAAY Determinant

1 1 1 5 =1 2 (== = =1 =]
A1 Determinant 494 Matrix 9x1U4U91731 Matrix 111U Sin cular w301y Taei Matrix 2211/ Singular 1
A9119A1 Determinant ﬁ?‘i’lm"n’i"uﬁu{i
winanwlunsaivaszleedua

a ¥ e
Determinant 493 Matrix A 511saiaswing det(A) wio |A

AUA Magnitude U843 Vector W30 Scalar
e LfluA1 Scalar N&AUNFATILILAA
AURNUAUDY Square Matrix




ALRNUAUaY Determinant

. C

.

. C

A e fad | =

.

C

et(AB) = det(BA) = det(A)det(B)
et(A") = det(A)

et(aA) = a” det(A)

et(A") = det(A)

et(I) =1




ALRNUAUaY Determinant

o o= o & 1 g 1 1 ar 1 =
6. 11UMTaaL Row “r’i"“:’él Column 71 Determinant lﬂil'ﬂ Ny — 1 'lei]J.ﬂ]l*’ﬂiJ

3 = - 3
7. 91 Matrix A 11y Singular 130 Linearly Dependent i wzla A

r
o -='%I 0 q @ \
=0 audannsoinly
- . . ¥
NATAY Non-Singular Matrix 1a /
¥ g &1 g ] 1 ar A = =] . = =4 ar
8. 01U871a%39 Column 1AUa3 Matrix H"Hﬂ‘j_l‘@;uEJ HIiuaadln¥I9a9d Column NYaUN
2 o o 1 ar [ i = "
13 ’E]lﬂ‘l-i_'{l 1INV DINU 81 Determinant 9 EL‘IJH*EJT‘HEI

1 = a ‘ = g 1 = = T
0. dus1gama iiduuadla 139 Column 1Av83 Matrix A1 Determinant 71 A9zl ud 1471
¥

WUPIATAINNUAUAT Determinant LA
¥ ¥ . 'y o e 1 = ¥ = . = o_ .
10. D13 185 19 Matrix 133 "lﬂmnﬂwmﬂ1-ﬂ~ﬂ-ngmmmm %38 Column ¥ialasimsulnay

ALLDT 179 Column 7113188 A1 Determinant Y89 Matrix 11192 #3A 3191101 Matrix 161




a21

a‘31

a41

det(A) = |A| = Z (-D"a;

=L

—Z( D)"'a,

w
N

Q
N

Calculation of Determinant

w
w

w
w

w
~

w
n

(Algorithm)

‘Minor(a, ;) complexity = o(n!)

1 ~Minor(a;,)

d1131nau Column wialu Element ‘qum(maﬂaau
Asasnrsuenadluduauuaaniiu Element wfien
IAzAILAAINNITAILIUUT Determinant uag Matrix
Afuunanasnil

aZl a23 az4 a21 azz a24 a21 azz a23
_ a12 a31 a33 a34 + 313 a31 asz a34 _ a14 a31 asz a33
a41 a43 a44 a41 a42 a44 a41 a42 a43

AsIINALGINANEAINaNNT faviiunadnsazlignsad

1z ldauaulfiza 9 uay 10 uay Determinant LtWanIEinAVARN



. . al
Algorithm A1511 Determinant
p—"| Y = a
HUszaNEAN
- ldpauaniifida 10 Hudura 9 wWaasrailu Algorithm
— 1. 129w Element Tu Matrix Aiidnvindu 1 ervn'lai'le tdan
Element 1aA'le mnuumsmum mamsm Column eae
w29 Element ffutiavinlva iy 1 mmmmmmsuua”maa
nduinuaAuA1aauls lual Determinant Asiagns
(AauguA2a 9)
— 2. WANTa1NY Expand wuuwaIUIa Column w1y Element

\dan anniudA1da Element duluwulii Expand (Hueueilv
nua(naugNifza 10) suumstdan Element a(x Y)

 613% Expand wuuwand Tyunau Column dudu Column 7
KU Element Audan tialu Element TuwaIag Expand
duaueianua anviu Element #vdan

— Col(j) Tnna = Col(j) a1 — a(x,j)*Col(y); j = 1,2,..,n antiu y

e 0N Expand Uy Column Wmﬂanumaunuu,mmmu

=L Element Wdan vialu Element Tu Column fiag Expand

Huaueianua anviu Element #vdan
— Row(i) T = Row(i) tA1 — a(i,y)*Row(x); i = 1,2,..,n aaLiu x




Algorithm n1511 Determinant 7
JUsgaNann(na)
— 3.7i1n19 Expand aUFAT L31ZaILaLRAIE

A1541 Determinant aav Matrix MiAuU16
AAAINUILNEIATILA LD

_ 4. 58fawnsavinilu Recursive 1iaanns
11 Determinant aav Matrix aualiial
LARALLANITIN Determinant uav Matrix 2x2
1198 3x3




A191A1 Determinant

Example 2.1 33%1 Determinant U84 Matrix

-3 2 2 5
3 - 1
3

-2 -1 &=
\V

o0 O

I I

(ad 2 =
I

Lo

3

o q ¥ o = oy W = . = q Y=t = 2 o

RGN L‘é"l%lﬂfﬂmﬁiﬁjﬂﬁlﬂ 10 NNA11190 1 1ae Matrix 4929 1. 3 uaz 4 143a119 Column 1 3 111 fud .
o 1 -=I. :& o 1

PINHHK AT Determinant @13 Column 31 3 'ﬂ*liﬁ'ﬂI‘a‘*ﬁﬂu'ﬁu'ﬂxﬂﬂﬁ&mﬁﬂﬂﬁﬁ"I‘FI’I Determinant U849 Matrix 24119

LY
3% 3 iy

1578519 Matrix B 910 Matrix A Iae

k) "='I- ‘5& 1 o -='I. ar =1 .:& =
¥ IﬂLLﬂ'J‘I“I“r’Ii—HUII‘TlI'mﬂﬂ’ITLI’I -2 deﬂJ_.LLﬂTﬂﬁﬂﬂ LI“IJ‘I_I']'II'ﬂ']_ll!."E.'I'.J‘I-“I'“r"I‘l—IJiIlfﬁ]'iﬂl

a -='I- 1 o =: o -=-I. :& =
gi1quadna 1 lviannsui -3 fl]ﬁuLLﬂ?]"I'IﬁE]ﬂ LI‘IJ‘I_I'.;I'ﬂﬂ“l_ll!.‘ETI'LI‘IFI‘I’I‘lJ.nﬁIl'FI‘ll

=t =t . 2 =t @ S
ﬁ‘ijIﬂLLﬂTﬂﬂuIﬁiJ'ﬂ’lﬂﬂﬁu1 4 AUUDINTD Tuanfutaiiviad

Determinant U89 Matrix 11133241171 Matrix (A3 1ta9zf s 0en1@131081151 Expand @13

y

3 691

L. =

—_—

Column ¥



9 4 0 -3

3 -1 1 4
B=

3 1 0 -5

120 -7 0 18

-9 4 -3 34 17 ]
) 3 17
Bl=-1-3 1 -5=-10 1 0 |=-1 =34
-1 -17
20 -7 18| -1 -7 -17

Fana31 1141511 Determinant Y93 Matrix 3 x 3 Tuussiafiaod i1 1d3imadnlumsangy vaziins

Expand 141004

T 1

o gy g . = LT o dﬁ' =1 1 1 ar :& 13 1y 1= [
'ﬂTl'Tl!l']ﬁ'ﬂﬂﬂﬁHﬁ’liﬂﬂﬂﬂ’lhlﬂﬂ’llu Matrix i Element ﬁl’ﬂ*ﬂﬁﬂﬂ‘u JUATNINUH A LADN lllll Element 1ﬂ
1 oo = ‘ 4 4 4 4o & a2 4
i WINUHI U 1318373 0L Factor Llﬂﬂ*ﬂl!ﬂ?“r’i’i—!d 138 Column H08NIN l%’iﬁ]lﬁ Element ﬁﬂ»ﬁlilﬂuﬂﬂﬂﬂﬂ L

1535msdana 1 udedduaaA Factor usnasnlunadniin 1d @amaviade 9)



A191A1 Determinant

sl o 1 o U g .= o o g 1 ar 4 13 1 o= ‘
nisIABAINanaNg a1 1aa11u Matrix 1 Element A11aA 111 8IA 1AW 9 1011313 Element 1a
[ b ¢ .. 4 =4 a4 g W £ oaa 4
EMAUHIA 13181303018 Factor A 1ALA1114 1130 Column 111499731 1119 111 Element HilaliA D U114 (1az

1§35m3dana1n udeddugae Factor Muenaen lunadnii 1a (gauayiinde 9)

=l .:ﬁ 1 :.
1 Matrix 1Ju Diagonal Matrix 199 U] pper Triangular 1139 Lower Triangular (A8 1A Element AT3874A1

| 1 g W I o i
N7 Diagonal ﬁ'ﬂﬂi»ﬂm 04171 Diagonal nJugmemm f1318701J) A1 Determinant 8131139 1 lade

11 NUAAAD3 Element 11 Diagonal




Inverse of Matrix

2.5 Matrix Inverse

2.5.1 Matrix Inverse:

y

A Matrix A 71 111 Singular Matrix 11999391 Matrix B 715t AB =BA =1 daiy

-:-It o | —
Matrix B 711370 Inverse Matrix 193 A nanda B =A™

¥ ¥
9 o =) voow aiy ¥ w 1w
01 Matrix 11 Singular 92 113 Tnverse A9 Tnverse 9211 1Ad 15 Non-Singular Matrix MUY tay

Inverse U849 Matrix 32 Unique




Inverse of Matrix

o I 2 ol ) W 1
N300Iz 1AYa1e7s LA

q ==t LI q 9 =4 I o
- 14359119 Numerical Method %% Ia 814 Gauss-Jordan Elimination( 921384 lumevias )
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2.6 Matrix Norms
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Today Topics

e Part | Chapt. 2 Matrices

e Break

e Chapter 2: Linear Equations
e Homework 1: Due

e Homework 2 gyduda1viniin
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Chapter 2: Cont

e Last Week
— Matrix Concept and Notations
— Types of Matrix
— Concept of Determinant and Inverse

e This Week

— More on Determinant and Matrix

— System of Linear Equations: Homogeneous
and Non-homogeneous

pgenvalue/Eigenvector Concept




Determinant

Determinants: |A|

a

11 2|
— {10y — Uy Ay

dy Ay
ay Ay Ay

|l dyg y,  dy ty Ay
Ay Uy Uyl = Ay — Ay +dy;

Ay Uy (3; Ay as; iy

y Uy iy

L

= a,, - Minor of a,, —a,, -Minor of a,, + a,; - Minor of a,
= dy (ﬁzzﬁﬁ —ay,0,;) —ay, ("3"21”33 — ‘5?31”23) Tdp, (nzlﬁzz — 30y,




Calculation of Determinant

det(A) =|A| = Zn:(—l)‘“'aLj -Minor(a; ;)

= Zn:(—l)”' a;, -Minor(a;,)

al=a, 2 b=ad—bc
c d
a b c
d e f:ae_ f—bc_l f+c:(?I E_l
ik ] k Ik I

=a(ek — jf) —b(dk —if ) + c(dj —ie)
= aek-afi —bdk + bfi + cdj —cei, first row expand
a ¢

f Jjla ¢
+e. — ]

k I k| T|ld f
—b(dk —if ) +e(ak —ic) — j(af —dc)

= —bdk + bfi + aek — cei — afj + cdj, second column expand




ALRNUAUaY Determinant
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ALRNUAUaY Determinant
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3 = - 3
7. 91 Matrix A 11y Singular 130 Linearly Dependent i wzla A

r
o -='%I 0 q @ \
=0 audannsoinly
- . . ¥
NATAY Non-Singular Matrix 1a /
¥ g &1 g ] 1 ar A = =] . = =4 ar
8. 01U871a%39 Column 1AUa3 Matrix H"Hﬂ‘j_l‘@;uEJ HIiuaadln¥I9a9d Column NYaUN
2 o o 1 ar [ i = "
13 ’E]lﬂ‘l-i_'{l 1INV DINU 81 Determinant 9 EL‘IJH*EJT‘HEI

1 = a ‘ = g 1 = = T
0. dus1gama iiduuadla 139 Column 1Av83 Matrix A1 Determinant 71 A9zl ud 1471
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a‘31

a41

Calculation of Determinant
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w
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— 1. 129w Element Tu Matrix Aiidnvindu 1 ervn'lai'le tdan
Element 1aA'le mnuumsmum mamsm Column eae
w29 Element ffutiavinlva iy 1 mmmmmmsuua”maa
nduinuaAuA1aauls lual Determinant Asiagns
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Algorithm n1511 Determinant 7
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119111 Determinant

Example 2.1 33%1 Determinant U84 Matrix
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Column 3 Expansion
Or Row 2 Expansion
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Bl=-1-3 1 -5=-10 1 0 |=-1 =34
-1 -17
20 -7 18| -1 -7 -17

Fana31 1141511 Determinant Y93 Matrix 3 x 3 Tuussiafiaod i1 1d3imadnlumsangy vaziins

Expand 141004

T 1

o gy g . = LT o dﬁ' =1 1 1 ar :& 13 1y 1= [
'ﬂTl'Tl!l']ﬁ'ﬂﬂﬂﬁHﬁ’liﬂﬂﬂﬂ’lhlﬂﬂ’llu Matrix i Element ﬁl’ﬂ*ﬂﬁﬂﬂ‘u JUATNINUH A LADN lllll Element 1ﬂ
1 oo = ‘ 4 4 4 4o & a2 4
i WINUHI U 1318373 0L Factor Llﬂﬂ*ﬂl!ﬂ?“r’i’i—!d 138 Column H08NIN l%’iﬁ]lﬁ Element ﬁﬂ»ﬁlilﬂuﬂﬂﬂﬂﬂ L

1535msdana 1 udedduaaA Factor usnasnlunadniin 1d @amaviade 9)
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Inverse of Matrix

2.5 Matrix Inverse

2.5.1 Matrix Inverse:

8

a = 1q L = o q ¥ o oo
A13iuA Matrix A 113119 Singular Matrix 15199301541 Matrix B 1131115 AB = BA =1 Aaiv

.::, g 1 —
Matrix B 711870 Inverse Matrix 191 A nandaB= A"}

= 1= w --_9‘,:I =t o 1 E
1 Matrix 114 Sin cular 12 13531 Tnverse §3913 Inverse 923 1513151 Non-Sin gular Matrix (V17U LA

Inverse U803 Matrix 1% Unique




Inverse of Matrix
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Inverse of Matrix

Example 2.2 33¥1 Inverse Y84 Matrix
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Matrix Norms
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2.6 Matrix Norms
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System of Linear Equations
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System of Linear Equations
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Reduced Matrix

Example 2.3 9111 Reduced Form Lia1z Rank U843 Matrix

1 -1 4 2
A={0 1 3 2
3 -2 15 8

. 3
a q V== o o =1 P Al = ar =i
fI1ee1 L‘.’a"l;lfﬂﬁﬂ’lﬂmi‘lﬂ Element 1"111]%]641’!1311?15 Column 34




Reduced Matrix

1. 139 Element 13710418731 3 890 Iastiun i lﬂﬂ.lﬂ'JEJ 3 Muanduunaii 3157118

\

I -1 4 2
0 1 3 2
0 1 3 2

8130 Element 31 2 Y04u07fi 1 000 lagtinm i 1 vanuadi 2 Tunuluue i 1 5114

[ ]

1 0 7 4
01 3 2
01 3 2]

3. f79@ Element 91 2 ¥00877 3 987 1aetiuadf 2 avuadd 3 Tunudiluuedii 35118

1 0 7 4
0 1 3 2{=A,
- 0O 0 0 0
kY
t? 511311159 Eliminate 1danse 14 ﬂ““U..‘H Matrix 711892151 Reduced Form tazlunsdii 5114

rmirk(A) =rank(A;) =2



Solutions of Homogeneous

Example 2.4 23UAFIN3
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Solutions of Homogeneous
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Non-homogeneous Systems

2.7.2 Nonhomogeneous Syvstems of Linear Equations
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Non-homogeneous Systems
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Non-homogeneous Systems

Example 2.6 3UAAINT 1 General Solution Y83

X, +2x;,=4

a =t 4 =1 ! - =
f1Mo 17852 ULV Nonhomogeneous Linear Equation F9aninsadenlugl AX =B laih

X,
-1 1 3 -2
X, | =
0 1 2] ° 4

X3

=T

M%7 Solution 153191015 Wi Matrix A : B] @

-11 3| -2
[A:B]{
0 12| 4

111115%1 Reduced Form 183 Matrix 13 "ILlﬁgélJ

[A:B]R:[l 0 -1 6}

01 2 | 4




Non-homogeneous Systems

1111135%1 Reduced Form U84 Matrix 13 "ILlig}lJ
1 0 -1 6
[A:B], =
o 1 2 4

10 -1
A, =
01 2

y o B
danan rank(A) =2 = rank([A : B]) asiuszuuazil Solution 113 dvesanuduiiusaail

Tya=n

1 0 -1 6
X, | =
0O 1 2} - 4




Non-homogeneous Systems

_rl_
1 0 -1 6
\Tz :
0O 1 2 4
X5
C 2
A9l 15119
X, —x =06
X, +2x; =4
T o
diadned1d a=1a
X, =x+6

N =
182 Solution 9 xL‘lJL!




Non-homogeneous Systems

X, =x;+6

x, =—2x;+4

. =
LA Solution 3 mJu

o, +6 | [ 1 6
X=|-2x;+4|=|-2|x;+|4
x| 1 10

= o1 g @y Y oo QE:! =1 o =
laan X5 'ﬂzilﬂ’llﬂﬂﬂﬂ A9UULE AT D8N General Solution hlﬂl.ﬂ‘IJ_

17 T6
X=a| -2 +/4
_1_ _0_

L -

=t - =i
Moy ¢ — 2 | 921U General Solution 191 Homogeneous System 199 AX = 0 vazmou | 4 | 131560

€ ! 0

1o - £ = 4 '
11U Particular Solution 193 AX = B (F111)1 Solution ¥i9v835zuu88 o =0)




2.7.3 Uniqueness U934 Nonhomogeneous Systems of Linear Equations

g =1 = |
i A Ty AX = B il Matix 9118 71X 1 5200923 Unique Solution néadle rank(A) =n 3o
=" = 1= 4 = LI 4=
na1dnieniiiAe A Bl Singular (e Determinant liiwiADgud 13503 Inverse)

¥

(=T

kS 1 =
lupsalaanain Solution VBIANNIG manmm”lﬂmﬂﬂ’mwﬂ’m A fi2419nanfe 110 AX=B

3118 ATAX =A7B wie I, X=A"Bwuia X=A"B adulsanm miudaums Insmsgadae

Inverse 9 ﬂ'%iﬂﬂ'ﬁ’lﬂ ’qu'Fll’Em:ﬁ’lﬂiJ1ﬂ1m1"lii“r’i'1 [nverse ’J‘ﬂﬂuEJiJmﬂﬂ’J’IﬂEHJ‘LI“]‘IJﬂ’Ia Elimination u]1'~-3=|’IEI15’| LE]EJ*?]
U84 Algorithm 91214 Part III

Ay Xy T Xy +0+ 4, X, =6

Ay X; TdypX, - +d,,X, =C, | dy dyy - dy || X G
| 9 Ay oy | %2 16| AX = C
_ﬂ.ﬁ'l {?Hj HH.?J ] _Y.?J _ _Fr;' ]

ﬂﬂlxl T nnixi teet niiﬁ' T.H' o {1}:



CPE 332
\

Computer ‘Engineering
Mathematic 11
PART I: Linear Algebra

(Chapter 1-3)




Chapter 3 Intro

3.1 Introduction

] - ; =1
MAUA 7 x 71 Matrix A U8 Column Vector & 11 n-space(1150 Marix 111a 77 x 1) #ages AS 9211 Matrix
dli‘ =g [ 1 = ar a Y o= : 1 =5
4110 7 % 1 §307D Column Vector 11 n-space 15UA8MY A MAUNALAINANIU8T Vector AL 3A199INNAMIVDS
1 '.-.‘.: S-' 2 -=: g 0 _1-"-:\ 2 s & 2 _:Ll'\. -='.-='!:|!,I 1
Vector & 0813 5AM0 15181313991 Vector &£ N Iimemaves AS wiilouiunviiamaas & 10 lunsailisina
¥ as -=:. 1 LI ..' = -=:. o 1w @ ..' ar =?
1601 Vector A& 31D Vector & 10iina1ua2 50384 Vector 1agfl Vector 2 Aazimiufidatiaiui i
q = = s =t 1w o na:! ¥ ogq @ o ar -=':. s q % 1 ar - ¥ [
Tudiemadeniy uaziinnanniu dsiui i A dudgaii i Vecor A& uihdy &mazliaums AE =& Tu
= il =i 1 = T - g =T - . 1 3 o o o
5TV 151580871 A TIlﬂ‘IJ. “Eigenvalue” 182 Vector § ’nrﬂu “Eigenvector” 183 Matrix A ﬂH‘NﬁB&LﬂHﬂmﬂﬂHﬂm}

iJI =
]

A1fea3 Matrix wazannsmi 1/ 14z Temilumsmmmermendiamansuater penaluisans s




1N 1
q v =1 = 2 = 1 =+ 1
1 A 111 Matrix Y110 77 x 77 UDUAVITIHIOLAY Complex, 1AVITIHIBIAY Complex A1 311 UA1 Eigenvalue
@ ._' = :: 13 o -=: s 0 @ as 1 = -:v:. a o o ar
Aeaiiled Matrix E 11 7 x 1 i lidugud iihld AE = AE uaz Matrix E 30812137587 Eigenvector NuiiugAL
¥
A1 Eigenvalue A 111
LTI & o ' . 4 o . o 4
WOAIINTULAIAT Scalar LHIUILMVBS Eigenvector N3 2131 Eigenvector #78 LHB327110
AE = AE = A(aF) = adE = a(AE) = A(aE)




ﬁ"}ad’laﬁ 1
1 00 0 0
NN = =0
0 4 0 4

) ]. 0 0 = ! ) ¥
lﬂ]ﬂ‘g'ﬂ’]] a1 0 11y Eigenvalue 194 0 0 Laz A 1y Eigenvector GER AT 18 Eigenvalue 0 vananil

¥ o 1=l g a* 0 = . 3/
l!.ﬁ']'{lWH’J‘HHTIT]]J]J]I”HﬂHH*'IJ'EN A iy Eigenvector 7738




VI
FIIDENIN 2

3 '

1
I o o 1 = = = o s o o 1
W A4=|0 1 1 |@&5fua1l929% Eigenvalue taz E = | 0 | 113 Eigenvector NFUMUF AV
0

3
o 1 1 =g o o
Eigenvalue Ad4na1 i1z N AE =1+ E = E uananiia Vector | 0 | 92114 Eigenvector 7178

0
Bh _ 5 _
1 . =1 1 2 2 . P 9/ 2 = £
A1 Eigenvalue 4939 4 9nA1¥UdNA® — 1 t1az Eigenvector NNeNUDIAD| 2 | UAzI2TIUD 20 @
—4 —4p

-=v:. o s o ar 1 ol 1 o
Eigenvector 184 AnFiusnum Eigenvalue — 1 arexunu




MATLAB TUTORIAL




End of Week 3

e Download HW 2 Due Next Week

— Chapter 1: Vector Operations
— Chapter 2: Linear Equations

e Next week: WK 4
— Eigenvalue/Eigenvector Continue
— MATLAB
— HW 3

"\

A@‘

\




D

PE/332
Computer Engineering
Mathematics I

Week 4: Ch.3 Eigenvector and

Diagonalization /
\,cmwmmw/




Today Topics

e Part | Chapt. 3 Eigenvalue/Eigenvector
e Break

e Chapter 4: Review Probability

e Homework 2: Due

« Homework 3 &e&Uavinii 6utTu

A@‘

\




Determinant

Determinants: |A|

a

11 2|
— {10y — Uy Ay

dy Ay
ay Ay Ay

|l dyg y,  dy ty Ay
Ay Uy Uyl = Ay — Ay +dy;

Ay Uy (3; Ay as; iy

y Uy iy

L

= a,, - Minor of a,, —a,, -Minor of a,, + a,; - Minor of a,
= dy (ﬁzzﬁﬁ —ay,0,;) —ay, ("3"21”33 — ‘5?31”23) Tdp, (nzlﬁzz — 30y,




CPE 332
\

Computer ‘Engineering
Mathematic 11
PART I: Linear Algebra

(Chapter 1-3)




Chapter 3 Intro

3.1 Introduction

] - ; =1
MAUA 7 x 71 Matrix A U8 Column Vector & 11 n-space(1150 Marix 111a 77 x 1) #ages AS 9211 Matrix
dli‘ =g [ 1 = ar a Y o= : 1 =5
4110 7 % 1 §307D Column Vector 11 n-space 15UA8MY A MAUNALAINANIU8T Vector AL 3A199INNAMIVDS
1 '.-.‘.: S-' 2 -=: g 0 _1-"-:\ 2 s & 2 _:Ll'\. -='.-='!:|!,I 1
Vector & 0813 5AM0 15181313991 Vector &£ N Iimemaves AS wiilouiunviiamaas & 10 lunsailisina
¥ as -=:. 1 LI ..' = -=:. o 1w @ ..' ar =?
1601 Vector A& 31D Vector & 10iina1ua2 50384 Vector 1agfl Vector 2 Aazimiufidatiaiui i
q = = s =t 1w o na:! ¥ ogq @ o ar -=':. s q % 1 ar - ¥ [
Tudiemadeniy uaziinnanniu dsiui i A dudgaii i Vecor A& uihdy &mazliaums AE =& Tu
= il =i 1 = T - g =T - . 1 3 o o o
5TV 151580871 A TIlﬂ‘IJ. “Eigenvalue” 182 Vector § ’nrﬂu “Eigenvector” 183 Matrix A ﬂH‘NﬁB&LﬂHﬂmﬂﬂHﬂm}

iJI =
]

A1fea3 Matrix wazannsmi 1/ 14z Temilumsmmmermendiamansuater penaluisans s




1N 1
q v =1 = 2 = 1 =+ 1
1 A 111 Matrix Y110 77 x 77 UDUAVITIHIOLAY Complex, 1AVITIHIBIAY Complex A1 311 UA1 Eigenvalue
@ ._' = :: 13 o -=: s 0 @ as 1 = -:v:. a o o ar
Aeaiiled Matrix E 11 7 x 1 i lidugud iihld AE = AE uaz Matrix E 30812137587 Eigenvector NuiiugAL
¥
A1 Eigenvalue A 111
LTI & o ' . 4 o . o 4
WOAIINTULAIAT Scalar LHIUILMVBS Eigenvector N3 2131 Eigenvector #78 LHB327110
AE = AE = A(aF) = adE = a(AE) = A(aE)




ﬁ"}ad’laﬁ 1
1 00 0 0
NN = =0
0 4 0 4

) ]. 0 0 = ! ) ¥
lﬂ]ﬂ‘g'ﬂ’]] a1 0 11y Eigenvalue 194 0 0 Laz A 1y Eigenvector GER AT 18 Eigenvalue 0 vananil

¥ o 1=l g a* 0 = . 3/
l!.ﬁ']'{lWH’J‘HHTIT]]J]J]I”HﬂHH*'IJ'EN A iy Eigenvector 7738




VI
FIIDENIN 2

3 '

1
I o o 1 = = = o s o o 1
W A4=|0 1 1 |@&5fua1l929% Eigenvalue taz E = | 0 | 113 Eigenvector NFUMUF AV
0

3
o 1 1 =g o o
Eigenvalue Ad4na1 i1z N AE =1+ E = E uananiia Vector | 0 | 92114 Eigenvector 7178

0
Bh _ 5 _
1 . =1 1 2 2 . P 9/ 2 = £
A1 Eigenvalue 4939 4 9nA1¥UdNA® — 1 t1az Eigenvector NNeNUDIAD| 2 | UAzI2TIUD 20 @
—4 —4p

-=v:. o s o ar 1 ol 1 o
Eigenvector 184 AnFiusnum Eigenvalue — 1 arexunu




33 msininamnm Eigenvalue I1az Eigenvector

Theorem 1:
o

q_ % = I = I s %)
141 4113 1 x n Matrix 1997197 993971 Complex A1

1. A 92114 Eigenvalue 193 4 Naatile ‘;LI” —A=0

EY
o = o oo [ =
2. 01 A 11 Eigenvalue U939 4 @311 Nontrivial Solution 19984 (/UH — A)X =0 2z11] Eigenvector
" 1 ¥
191310818 Determinant 1HauMITaN 1 1519214 Polynomial 494 A 3 Degree AU 77 Polynomial UL UT8N
Characteristic Polynomial 193 4 LU 2 (/1) qunsi ladeaums 2 (/1) = 0 15580 Characteristic Equation

y ¥
ar 1 q 3 ar 1 1 o o
V93 A FU0AI Characteristic Equation 1y Eigenvalue V191UA 77 A1 LAZ LA HINU




dhoehafi 3
1
91580 Matrix 103 4 = 0
0

3 =
#1911 Characteristic Polynomial 3 ASINT

-1
|
0

A-1

0

0 -1 1 0
1| ld AL -4=| 0 A-1 -1
-1 0 0 A+l

1 0

A-1 -1 ,
-1 —1|=(A-1) —(A-1)(A+])
0 +1
0 A+l

2 = Y 3 1 o 1w
Characteristic Equation (/1 — 1) (/1 + 1) =0 zyusnvasaumamny lalead Multiplicity (10U 2 UAZIINVDIANNTG

aAy — 1 @ea Multiplicity (11D 1




144111541 Eigenvector

0 1 0 x
0 0 —1]x,
00 2 |x|

]
=K o =1

’ g e
NFAUNUTNY 1 13

4. Ly
%3923l Solution 117 11/ 1ugives

wieums (I, — 4)X =0 dsil

d l='l. o o as
(1A= Nontrivial Solution( & # 0) 3 2111 Eigenvector NFUUT ALY Eigenvalue |

3

5173189941 Eigenvector NAUTIUTNY Eigenvalue — 1

[ -2

1

0_
-1

0 {13792l Solution Tugiluas

2

2p
—4p




L

q.9 1 =27, ¢ A-1 2 =
i 4= 50 AU AL, — A = 5 118z Characteristic Equation 911/

/"I.‘ =(A-1DA+4= 22— A+4=0 Faiinni Eigenvector 0 A = (1 £ wl—‘?r) /2




1M 391 Eigenvector NA1ATUE AL (1 +157) /2 swdaums [l‘fﬁ" I, - 4)1 =0 nanio

14—:_ 0
. = 130
0

l-u"_r

—lw.l"_r

_,

— 2y + 1y =

s

X, +2x, =

J_’T ) Haz ﬂ11J WLl‘r]‘IJﬂ’Il‘lJﬁ'ilﬂ’la"ﬂ A93TNU AU i]“lﬂ‘IJTTJHlﬂ Faly]

J_;

..dli‘ 5'#' r r - r o v
PIAVINTUNTTUIN 15114 X, =

"_J‘ L=t Qa:! 8 I o
x, wdimlanaa duluslimy, = o mmlﬂ Xy = o Tuifommouinllveszuuaxdy

1 - 4 2 ! . P
Q| g | 8z Matrix lagAauinm o # 0 921104 Eigenvector NA1NUTAVAT Bigenvalue (1+ +/157)/2

4




[ ar = ar =: o ar o 1 | P—— ' :'!1' P =1 ]'
o 1¥11INANY1¥1 Eigenvector BNAMANTUEAUA Eigenvalue (1—-157)/2 daimevaniu 5| |~
14

fmdunm =0




Diagonalization

HENM 2
=1 1 kY 2 . .
Matrix 4118 77 x 11, D =[d ] 92138071 Diagonal Matrix i1 d,, = 0 iie i # j
1NA1511U8U Diagonal Matrix [A8AI@URYNZ A1 Main Diagonal ¥8311UA0 d,.d,.....d, niowau

d, 0

]

0 d

n_

Funansldar 0 Mgdneaa uazvnun




Theorem 2:

Id]
y d,
W D= -
0
1. DW =WD =
2. |D| = dyd, -

n

waz W =

d,w,

1»1.3'1

W,

W




3 =3 ) 1 1 ¢ 1 1o a
3. D 32111 Nonsingular ndaiijausaz a1 1ua 11993 Diagonal liilugud

3
4. dwaazAweid, =0 Ay

1
dy 0
1
D—l — d,
1
L 0 I:f” —

5. 1 Eigenvalue 493 D A9A1199 Main Diagonal (fl._ dz end

b




N\

g3 3
g"l 1 )
q % o ar o =t 1 = = =4 g
141 A iy Matrix ¥ 77 x 11 #3304 9290580 Diagonalizable NABWIDI Matrix P 4110 71 x 1 i
q ¥ = =
191 P APl Diagonal Matrix

Theorem 3:

g = et r o - oo
19 A4 134 n x n Matrix 7iA1 Eigenvalue U A, A,...., A uaz1i1 V. V,.....V 111 Eigenvector NFUVUT
9.-' 1
oy o oy =y =i d [: = |
AUANMIENAY @338 Eigenvector t11a1H11JU Linearly Independent u.ﬁﬂﬁ P 1114 Matrix 9370 71 % 72 fi3laul 5z naw
=, . o 2
VB Column N Ao V. a3uu P 2211/ No onsingular L8z
A 0
_1 t":'rz
P AP =
0 A, |

-d'i' = =: =4 1 | a o -=v:. -7 o o’ ar
RISIEY Diagonal Matrix 11JA11 Diagonal fiD Eigenvalue U894 4 1819094 Eigenvector NHUYIUHA
\

Fupad A Biiuilunzdasiia Eigenvalue NUAnA 1A UNIHIA 7 §7 W5129115100901578 Eigenvector 77 A7

/

-:: =1 -:'b -1 -]
iy L inearly Independent 5inHitaznu

N




VI
PIIDE NN S
q @ _1 4 1 =1 & - ]' 1 oo o 1
i A= - 311Uz Eigenvalue 718 — luaz 3a7e Eigenvector 13 v AIUATAY FANAN
0 3 0 1
¥ ¥
. ar s =1 . a . o q . b=t =1
Eigenvector 114 RPN Linearly Independent 1318314 Matrix P laely Eigenvector 11114 Column 719
1 1 .
P= WAL NI 0N Tverse 1@ty P ﬂwu
0 1
| 1 —17-1 4 -1 0
P AP = =

O 1§00 3710 1] 10 3




y :: o ar o ; P g y o 0 =1 1 g
Eigenvector 84 N&131 130U Eigenvalue W1 a313013n 145091197 4 114 Diagonal Matrix 18 1115114

3 -2 2 3 2] .. L, /3 =1/3
1GE Az 18519 Matrix O = W33 Inverse 7 = LA
0 2 0 -2 0 -1/2

o [ % =K1 4T3 -2] [-1 0
QAQ_L) —yj 0 :Jo —2}{0 3}




QA

v 1 =
F1IDU19N 6

-1 0 5
WA=l 0 1 0 |51 Eigenvalue 1853 1.—1.—2 1@z Eigenvector fidasiusan'lgiii
L 0 _2_
0117 [5] ‘
3

T o 1 1 =1 ar oo af
waz| 0 | @Ay danaduaaz Eigenvector 111 Linearly Independent #3UULTIEU1TDT 319

0 5 (0 1 0]
P=/1 0 0 |wazmP =1 0 5
0 0 -1 0 0 -1
o o
yoliinfAnwasvau P AP = -1 0




Theorem 4:

\

iF :i’ s o =i o o -='Il l::
i A il Diagonalizable Matrix Y118 77 x 1 A3UY A 923 Eigenvector 114U 71 il Linearly

- 1 -:?:! g -1 = Qs -13:! 1 =
Independent a3 la sy i Q ﬂQ 1y Diagonal Matrix A3UUA1UD] Diagonal R pY Eigenvalue 194 A U@ Column

I
s wr

194 0 92152101778 Eigenvector NAUTILTA
I I :1"
INNGEYN 4 NA1I71 Necessary and Sufficient Condition d1M9Y Matrix 183130 Diagonal TaruAezAa )
- o = -1;:! o 1 o in 1
Eigenvector il Linearly Independent 17 617 fazaiuud) Matrix 9290 Diagonal 13113 uazmasi Diagonal 3=apa 1

¥ ¥ |
Eigenvector (1] WU 49NANH Dia gonal Matrix 1 149z152noude Ei genvalue




Orthogonal and Symmetric

e 4
=1 = = —
151500 A 113U Orthogonal Matrix 11 447 = 474 =1 wied" =4"
Theorem 3:

o o
a1 A 11 Orthogonal Matrix A3U U

Al = +1




THRETR
. o - T
Matrix 4 V119 7 x 17 3211 Svmmetric NADLID A=4
Theorem 6:
o = ) ) I ) o 1
o1 A 111 Real Symmetric Matrix 1 Eigenvalue 92111171 Real

Theorem 7:

o 1
= T

o) = s oas o T 1
01 4 11U Real Symmetric Matrix 49U Eigenvector NAUWHINULUA A Eigenvalue 32 Orthogonal
Theorem 8:

a = s ua:! = -=:
o1 A 111 Real Symmetric Matrix 914923 Orthogonal Matrix N1811/130 Diagonalize 4




=

e 310 Theorem Mna17 IANFEI1AUAR
Theorem 11 8 &avinel nANAA

— &1 Matrix tilu Real Symmetric 1513¢'l6
Eigenvalue tflua1339 wayagdl Orthogonal
Matrix 1agun Diagonalize 16

— iia Matrix tflu Orthogonal iuagu Inverse
1ednel

— &n131 Normalized weag Eigenvector 1
A1 la il Magnitude WwinAunily 1513%

=1 Orthogonal Matrix & u15a Diagonalize
Matrix igiagn1s




Break




A

-4
o =i

Example 3.7 93%1 Orthogonal Matrix N2z Diagonalize Matrix A @31

1 0 2
A= 0 2 0
J2 0 0

AI-Al=0 314

A1M01 ¥ Eigenvalue 104 Matrix 919 Characteristic Equation

A-1 0 -2
0 A-2 0 =0 #wio

—

—~2 0 A
(A=D(A =22 -\2(2(2-2)) =0 dloiadesaums 15114

A =31 +4=0

' 3 g
glannaumssia A =22 —1




N

¥

A1 Eigenvector ULty A = —1 mlannauns (AI—A)X =0 dail

2 0 =20 [0

1
15716

4 g 3 Y
X, =a| 0 |4dle/1n13 Normalized 198%13A28U11AYD3 Vector 13114




V,=| 0




=4

A Eigenvector

=

1

0

—

V2

o o . 2
Fusinsiy A =2 mldnnaums (AI-A)X =0 ¢l

o o o

o

] [0
0 |x[=]|0
2 | x 0

g l|-=v£tbl o 1 =] = =t 1o [
Tunsditl dunat x, azdlue:15sA1d mauyaliohiy B naznld x = v2x,

=
118 Eigenvector 1l

X,

= -=v:. d LI -".1‘ I4=‘%’l 1 o s 0.3:!
laon A waz ¥ a=dumlanld vaz ivudeny duivsiannsaaiisaes




= = = o =y ¥ |A='%l 1o s QE:! 2
X,=| A |Tasn B uaz y azdlumlenla uaz iivuaeny dximmainioainaes

=: =1 - [ =4 =: 2
Eigenvector Mmilu Linearly Independent 311 )lz U luaeingain ﬁ =0 uag Y = 0 fo

e - ) )

V2 0 Note: 1s1taan 2 vector M

V=9 0 [uaz V'=/]1 Independent Au Inan1sunu
1 0 a1 B uar y ar'lsala

1319911715 Normalized @94 Eigenvector Wad1511a

12 _
\I 3 0
= 0 juaz V;=|1
L 0
V3 -




Y

L -
o 1 r_g::l = %] Bl
AINAINIA Eigenvector 111 Linearly Independent 3104141318319 Matrix P

- 5
'~ 0
NERE
P=| 0 0 1
2 1
= 0
\I 3 ‘\,’IIB
va litinAnyiAsIadeugh
SCIEN
V3 3 1 0 0
P'=P = |2 0 1 waz PP' =1,={0 1 0
\3 v 3
0 1 0 0 0 1
‘IJ_’EJﬂiﬂﬂiilg’ﬂﬁﬂ’j’J'ilﬁﬂ‘j_lﬂu’h
-1 0 0
“ PYAP=| 0 2 0
0 0 2
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Chapter 4 Probability

e Concept and Definition

— Experiments, Event, Outcomes, Sample Space
— Laplace Definition, Definition from Set

e Independent and Mutual Exclusive

— Axioms of Probability, Vein Diagram, Independent
concept, ME Concept

e Conditional Probability and Bayes
e PDF and CDF Concept and Properties

— Continuous and Discrete
=L




Definition

e Qutcome/Sample Point

— wadNYvin'laannnisneaay wiagudIag
e Sample Space

— Set YAINRANSITINUA

e Fvent
— Wau'luaasnIsnaaay

e AMUUA Event A, ennaaad N A5 Wazle
waawmﬂu“l,ﬂmmoau“lm A = N, A3

D P[A] = Probabilit y of Event A Occur = lim Na

N —>o0 N




Example: Dice Roll

e Sample Space = {1,2,3,4,5,6}
e P(1)=P(2)= ... =P(6)=1/6
— Laplace Definition of Probability
— gusag Member 1u Sample Space #11an&

LAALVING AU
e A = Even
 A={2,4,6}

e P(A) = |{2,4,6}|/|S| = 3/6 = ¥
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Mutually Exclusive

- AMEB

e altim Event A agLiia Event B 13i'l6
e Llanaaaelalaua Az luluiaud
— 9tiugn A = Even, B = Odd

— A ME

B

e P(A+B) or P(A union B) = P(A) + P(B)
e LHUlATRATAELRAYGIE Vein Diagram
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3 AXIOMS OF Probability

e 1.P(S) =1
— NAINNTNARAY NAAWEGadatlu Sample
Space
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AAIUARY Event
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Conditional Probablllty
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Properties

(1) P[E] wia P[E‘]=1-P[E]

(2) Pl¢]=0

(3) PlE, VE,]=PE ]|+PE,]-PlE,NE,]
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 lunsdvrayaupu Digital tilu Frame auia 50 fin N15&93g
guusalleaAnaiiiavie Frame ‘ldévatnvgnsias d1n1suia Error Tu
Lmauumaomsao(BER = Bit Error Rate) Hlamgsianaia'le
Wwindu 1/1000 291131 Frame 7ig9asdl Error 1adauarilasidus
(FER = Frame Error Rate) €hn1stfia Error weiag Bit 1ilu
Independent

P[Bit Error] =107

P[Bit Not Error] =1-10"° =0.999

P[Frame Not Error] = P[50 Bit Not Error] = 0.999*°
P[Frame Error] =1-0.999%° = 0.04879 = 4.879%




Example 2

ANFH6 wudﬂamaﬁﬁgﬁgmmmzaauw‘m‘iﬂgICPI|53§2 fif
WAL 0.5 uaglan)dndnAnvdivasaausufiAILvindy 0.4 61
ekin! CPE332 \manuiunitaeiuing 40 AULRSUNLIEUNEY 25 AU A9
Wl aLRIAzdInauaninU
gunsad1mulaald@Ia91uuniln
W Sample Space sgnausiatinzaua(M) uazianaumndy(F)
oty S={MF}
- funpIn Set vivsaailu ME da Sample Space gn Partition
fuaav Partition
- P[M]=40/65 uag P[F]=25/65
11 Event A (flutnansainidndneazaauniu 1516
P[A\M]=0.5 uag P[A\F]=0.4
ANAFNA1TANT Partition

P[A] = Zn:P[Ei]P[A\ E.]=P[M]P[A\M]+ P[F]P[A\F]

_ 30 05+22.0.4=0.4615
65

65
P[Fail CPE332] = P[A®]=1- P[A] =1-0.4615 = 0.5385 = 53.85%




Example3

e GlE]'Q’]ﬂG]'JBEI']\‘J‘V] 2: mmaumamgunﬂnmmﬁu\mumaoam CPE332 L?JBL‘I/]B?J‘V]
wd? ptuauNiTndneiuianidnsa’ly unﬁﬂmwuumammaumuum Al
AUIUIN

— 1.'iamamunmmvguuazmuwmownm.mm”ts
— 2. Probability Ain@nwdauxiunaziiugneofivvinls

1. 6iadn1511 P[F\A]
P[F \ A]= P[FA]/P[A] = P[A\ F]P[F]/P[A]

=04 > _1 0.3334 =33.34%

65 0.4615
2. iadn15u P[FAJ=P[FNA]

P[F \ A]= P[FA]/P[A]
P[FA]=P[F \ A]JP[A]= P[A\ F]P[F]
=0.3334-0.4615=0.1539 =15.39%




Random Variables

© LuatswnmummmumLamaomm Sample
Point 1u Samfl? e Space u,a”miu Variable
Lmuwaaw'ﬁm mmnmsmmaaa muuwamaoms
wmaaoammu UMNILAYU LLAZLIIL3aA Variable
U3ty Random Variable ﬁoﬂnﬁua”usw
nagl Random Variable unusae Capital

° ‘mmﬂmﬂa AsAviue RV doiflugianiin s
sl ldd v asanvagiadaasle
— Mean
— Variance
— Etc.




Random Variables

. Luawaaw'ﬁmaonwsmmaao(Samyle Space)"l,m Infinite
Set AsfinuamILRuITAISLTUAILRUNs ALY

- 1571'k6 Continuous Random Variable

e anaanstiu Finite Set nsAtnunazlad Set uav
sataa Wnagtilu Integer
— ;e Discrgte Random Variable |

e Probability Naglanaananisnaaadniivg Aa
Probability 1 Random Variable agiaainnisiarviue

e LIRUNTALIAIAUIULTAUDY RV 3115 Plot AN
Probability(y-axis) uaza1uad Random Variable(x-
axis)

— Cumulative Distribution Function (CDF)
— Probability Density Function (PDF)




CDF:Cumulative Distribution
Function of RV X

. 4
01141 Function F y (x) = P[X < x]uaz Plot Graph 324319 F y (X) vs. X (F47if10 Graph P[X < x] !

i 3 ' . e ) = 3/ - . .
vs. X ) Graph 1 1A 587771 Cumulative Distribution Function 138 CDF({ U19871571 1% Probability Distribution Function )

- T

= H ¥ 1 | 1 ::_ o 1 — &
dnyaiza199 CDF 31811 Graph M9z lilfimsasdwilesnindumazan TasvnFunnaud uaziagagadluiils

3
] N e
A @AY CDF annsavzasl ladail

Fx(x)

x = 10
CDF of Normal (Gaussian) Distribution: Continuous



CDF Properties

(1) 0=Fy(x)=1
(2) Fy(x) s Non-decreasing Function

3) lim Fy(x)=0uaz llm Fy(x)=1
X—»—0o X—+C

= - N Y a & :
(4) Fy (x)1du Function Ndatlasnnnuaam duifs im Fy (x+ &) = Fy (x)
£l

5) Pla<X<b|=Fy(b)-Fy(a)
6) P[X=a]=Fy(a)-Fx(a )




CDF nsvnaannsaey: Discrete RV

e 1Y “%"= 0 Ry “Aaa” =1

Fx(x) = P(X <x)

1.0




CDF ansnaagnian: Discrete RV

e T watiusmitauauningnLen

Fx(x) = P(X <x)

1.0




PDF: Probablility Density
Function \

. ol w - Y - : :
aweamsnlasunilaily CDF 178 Slope 184311 131 Plot AULAY X 13132 1@ Probability Density Function

l+ ,
FJ

—dF IT i ] -
I_{ )“ﬁi: Fy(x)= Jf;[- (x)dx amauiiAvas PDF jdail

(fy(x) %30 PDF Tufde fyi(x)=

—oo

f(x).:

0.45

0.4

0.35

0.3

0.25

0z

0.15

0.1

S D I N

5

ian) DDis’nLibu‘rzion . Continuous

i
1

PDF of _i\lor'r_;\al(éauss_




Properties of PDF

(1) fx(x)z0

@ [ fx(@dc=1
5.
(3) J [y (xX)dx =Pla<x=b)

+
A
@ PXed]= .[-M'Eﬁ_:[ f;{' (X)dx
x*
(5) Fy(x)= JfX (u)du

or

E El
. - . o = " S . -l'-'L‘i =
luns8luod Discrete Random Variable 113815351 197171 Probability Mass Function(PMF) 1113 F93ien3d 33l

PMF ={P}: P, = P[X =x;]




Discrete Version

— A1y Variable “Lisaiiliag
e RV X fidLamieil X=x
— F(x) = P(X<x)
e Function fifianusiaiflasaruniniia
e fienuagInIunnaatu Domain uavg X
e Function \fudnwasduussie
e Monotonic Increasing Function a1n 0 9 1
—f(x) = P(X = X)) | ]
e fignuanngan lusatilay Atduaguesznineiiu
A= 191NN Probability Mass Function

~@ e >f(x)=1 L&ua
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Chapter 4 Cont. Next week

— Statistical Average

— Importance PDF

— Joint PDF

— Correlation/Covariance

e Chapter 5: Introduction to Random

Process
— Concept/Definition
— Stationary Concept
— Ergodic Concept
A=A tocorrelation and Cross Correlation

S




D

, EJSBZ
Computer Engineering
Mathematics I1

Part II, Chapter 4 Cont.: Statistical Average
Chapter 5: Random Process /
7

T~—__




Today Topics

+ HW 3 Due/ HW4 Due Next Week
- PDF

+ Expectation

- Joint Density

» Correlation/Covariance

» Random Process

- Stationary

A= Ergodic




Random Variables

+ Mapping paawsiilusiiau (One-to-
Onef

AIUUNANITNARaIRINa 1

Audaaa'le

- NRAUADAILRREANMIRAA
* Mean
- Variance
- Etc.

- LAYATIWUIAIAURNLTA Probability

- Cumulative Distribution Function (CDF)
* Probability Density Function (PDF)

- flanadwsuasmsnaaad(Sample Space)ls Infinite Set i
16 Continuous Random Variable

- Wianaanstiu Finite Set nsAviuaaglad Set aavdIla




CDF:Cumulative Distribution
Function of RV X

. 4
01141 Function F y (x) = P[X < x]uaz Plot Graph 324319 F y (X) vs. X (F47if10 Graph P[X < x] !

i 3 ' . e ) = 3/ - . .
vs. X ) Graph 1 1A 587771 Cumulative Distribution Function 138 CDF({ U19871571 1% Probability Distribution Function )

- T

= H ¥ 1 | 1 ::_ o 1 — &
dnyaiza199 CDF 31811 Graph M9z lilfimsasdwilesnindumazan TasvnFunnaud uaziagagadluiils

3
] N e
A @AY CDF annsavzasl ladail

Fx(x)

x =10
CDF of Normal (Gaussian) Distribution: Continuous



CDF Properties

(1) 0=Fy(x)=1

(2) Fy(x) s Non-decreasing Function

3) lim Fy(x)=0uaz llm Fy(x)=1
X—»—0o X—+C

= - N Y a & :
(4) Fy (x)1du Function Ndatlasnnnuaam duifs im Fy (x+ &) = Fy (x)
£l

5) Pla<X<b|=Fy(b)-Fy(a)
6) P[X=a]=Fy(a)-Fx(a )




CDF nsvnaannsaey: Discrete RV

« 19 “¥577= 0 uRy “Aag” = 1

Fx(x) = P(X<x)

1.0




PDF: Probability Density
Function

. ol w - Y - : :
aweamsnlasunilaily CDF 178 Slope 184311 131 Plot AULAY X 13132 1@ Probability Density Function

-+
x

o

—dF IT i ] -
I_{ )“ﬁi: Fy(x)= Jf;[- (x)dx amauiiAvas PDF jdail

(fy(x) %30 PDF Tufde fyi(x)=

—o0

PO | | | | | | | ' ’

0.45

0.4

0.35

0.3

0.25

0z

0.15

0.1

HR R B NS S
ian) Distribution : Continuous

i
1

PDF of _‘i\lorr_;\al(éauss_




Properties of PDF

(1) fx(x)z0

@ [ fx(@dc=1
5.
(3) J [y (xX)dx =Pla<x=b)

+
A
@ PXed]= .[-M'Eﬁ_:[ f;{' (X)dx
x*
(5) Fy(x)= JfX (u)du

or

E El
. - . o = " S . -l'-'L‘i =
luns8luod Discrete Random Variable 113815351 197171 Probability Mass Function(PMF) 1113 F93ien3d 33l

PMF ={P}: P, = P[X =x;]




Discrete Version

- @@ Variable Lisiaiilag
+ RV X fidanizi X=x.
- F(x) = P(X<x)
- Function fifiausawiassuarnia
- denugniunnaalu Domain uay x
- Function fudnwaigdiuussie
* Monotonic Increasing Function ann 0 v 1
- f(x;) = P(X = x;) | )
- fenuanizan lusatiias Adlusugssninetiy
B\=1 19715tn Probability Mass Function

~@ + ¥ f(x)=1 1&ua
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Statistical Average

I

. ¥ , .
Random Variable 813139713203 11¢ 14418 PDF 104371 wan13uaas PDE 903 RV Uasqai linduuaz 1
wiazan BalUnante luln@uds n1391 PDF wea RV 1l hildde dnfusuinazuaamaaidfvesiuanaumay

qq& 1 ] =1
TI’I'Q'ETEIF'I:HHTIEEIT"ITI Expectation H?EII"ITJ AR IUNTIFDAUDINUY

anfviualsl Function 999 RV X fla g(X) 13181317011 Expectation 324 g(X) 1dan

ac

E[g(X)]= | g(X)fx ()dx

—
. 4 _ = _ =
Hisduna 13ad19%iilsfifle Expectation %130 E[-] {1 Linear Operation Wuffe E[X +¥] = E[X]+ E[Y]

3 : oo 2 e
wonnniuauidsld E[C] = Cuaz E[kX] = kE[X] Tasii C. k dusinah

Discrete Version :

E[g(X)]= 2> 9(x)p(x)

VXiEX




Importance Expectation

a0
4.7.1 Mean (M ¢ W30 {150 X ) fotlo g(X) = X mlA E[X]=X = J Xf y (x)dx

—o0

o
1 4 Za - rd T .
4.7.2 Mean Square (X2 ) %379 Second Moment Ao g(X)= X7 uaz E[X"]= J X7 fy(x)dx

—00

— A
4.7.3 Variance (& : ) #1308 Second Central Moment 31310 g(X) = (X — X))~ uaz

=

o

— —_ . . . | H
E[(X -X)]= I(X—A’)'ff(xj(ir fdaansaf1i1a 14310 Linear Property 994 Expectation §3i
—

67 =E[(X -X)?]=E[X?]-E[2XX]+E[X’]=X7 - X"

Discrete Version :

E[X]= 2, %p(%)= pr(x)— in|p<xi)=ﬁ

VX;eX

1= D Xpx)=— ZX | P(X;) =
= 2, (% =) p(x) = E[X*]- E[X]

VXiEX




- Note:
- Tunsdiuad Data Nlaannnsgueiacng 151 laanIzaAn
Estimate 2ay Mean way Mean Square Ny wae

From nSamples : p(x;) =+, Each sample has the same probabilit y

N
=1

v 1

Hx

Estimate E[X*]=X?=21>"x/

i=1
o’ = E[X?] - E[X]from estimation is biased.
We use the least biased formular :

N _
SampleVari ance(Estim ated) : V% =s2 | = ﬁ(Z(Xi - X)zj
o i=1




Multivariate: RV 11nna1 1 /2

. 3nUseaeAlun1sdnen RV unnainuidedn
wsauq AU aagANuduWussEnINg RV
- wda9laans W Joint PDF
- wiaALAu9adid Correlation way Covariance

- ASal2AY Bivariate

- lunsdnaudunussziing RV &avda da X
wae Y usagananatilu Discrete wisa continuous
- UANNFUWUSITU IR UFILRYANE

© B IAANMUFUWUBIZKIALLUUY Midterm uaztnsailans
au

¢ 1U3AANUFUNUDTIZIINY GPA Audutfauii'leaiiiaay
ANTE NN




Multivariate: RV 11nna1 1 /2

- weay X way Y agil PDF aaviiu Ban
Margmal PDF INTERIGY RH RIS EE R
giutay Wi dudian

- fx(x) wag fy ()
* Marginal PDF lufitiayausag
ANMUFUNUTUDINIRAY RV

- PDF Mugadmnuduwusuagaad RV agsiag
1flu Function aa9¥v&ay Variable wagsnyg

— N S nhc IIMI‘ﬁlMQJ—




Multivariate: RV 11nna1 1 /2

+ PDF iiflu Function 2a9ivaas RV 3an Joint
PDF azdiziayausdadmdnuauwusiniutznun
(7150 2 RV 6iav Plot wuu 3D)

- fxy (x,¥) Joint PDF "Ligusanladann Marginal
PDF atinaihen

- gaciulawznsal it X wag Y Lidusaduivinduy
(Statistical Independent) Nvinlviaun1sa9fitduasy
o fxy(x,y) = fx(X) fr(¥)
* WALIEINNTAURAY LA Marginal Density

fr () = 7 fry(x,y)dy uaz




Joint CDF/Marginal

Density
o Fyy(x,y) =PlIX <x,Y <y| =
I oy, y)dx dy

Joint PDF a¢dl Marginal Density
N PDF wavwsiay Random Variable

- fx(x) = f_oooo fxy(x, y)dy
- fy(y) = f_oooo fxy (x, y)dx



https://en.wikipedia.org/wiki/File:MultivariateNormal.png

Joint Moment

L :!:: 1 :& ey ra o 3: =
4.7.4 Joint Moment 1140587l Random Variable 319031431367 1511 Joint Moment E[2 (X, Y)] daiusiilen
¥

o =i

g 1 =
h Expectation 194 Joint Moment ST

E[g(X.1)]= [ [g(X.1) [y, (x.)dxdy

=

' 3
o =p A o o 1 = Y o =t 1
laen f:{ ¥ (x \ }-‘) 79 Joint Probability Density Function U83113893 Random Variable @itne7 1Wn@ANaINg JLELLR PDE

Y 1 ¥
Y93uaz Variable 11aziidaya liifiaanafiozn) PDF 494 Joint Variable 14 oniulunsdifinufiniaas Random

QE:! = . -:t-:%ll
Variable 1411]1! Statistical Independent Falunsaiiisn A fr,}- (x, }-‘) = f): (T)f}(l)




Correlation
G(xy) = XY

4.7.5 Correlation lun3al g (X, Y) = XY 15714 Correlation Y83 RV 2 §21587 Cross Correlation 11114210
3

- d%' =A 1 Fq % -—l o o =i
E[XY]#u35138A71 Cross Correlation U893 X taz Y 11iAT9394318 Ry A9 I@INT DA B

Ryy EJ{}]: [Jf}fﬂ(m)dm

%—'3

lun3aiun g Statistical Independent 13713 =14 RX}- — E[XY] = E[X]E[Y]

N M N M
Discrete Version : Ry, = > > Xy, p(X.Y;) =Y. %y;p(x)p(y;)
i-1 j-1 i—1 j-1
N M ] l N l M
= in p(Xi)Z Yi p(Yi) | mdependent — szi WZ Yi | p(xi) = ﬁ, p(Yi) = ﬁ
= i=1 i=1

i=1




Covarience

4.7.6 Covariance 1 g(X, Y) = (X — My )(}? — my) lﬂmi 1311 Expectation 13 114 Covariance W30
Cyy Fari
o0 oo
Cyy =E[(X—my_ )Y —my)]= [ [ (X —my )Y —my) fyy(x, y)dxdy
—0 —o0

=E[XY]|-my E[Y]|-myE[X]|+mymy =Ryy —mymy
=4 P - 4 oo 1
AN ﬁ’lﬂﬂlﬂﬂﬁﬂ Correlation Coefficient 1179 £ F¥37f10 Normalized Covariance NA13f0

Cyy
g X o vV

p=




Correlation and Covarience

4.7.7 Notes !ﬁﬂ')ﬁll Correlation L
_RV 261 92 Uncorrelated Adtiia C vy =0 /
-RV 2 @7 92 Orthogonal Ao R vy = E[XY]=0
- XuieY 'ﬁ'ﬂﬂ'ﬁ’iﬁﬁ 33l Zero Mean l!.ﬁﬁ%{i 719467 Orthogonal NH A3 ‘IJEJ‘IJ 1119% Uncorrelated >
- §1RV 2 @il Statistically Independent 8936792 Uncorrelated 1 dundus Wiidlad wawe 4 sl

N3 ﬁlﬁ ﬁafd’ﬁ'ﬁldﬁ’]!ﬂu Jointly Gaussian >
uns@iil Y= X 58 Cyy = crf;{




ANTUTZUNUAT RXY LAY CXy 1A

Samples
- Aumadnadug (x;y;) 311U N 4

* Probability aasnislawaaseia1oivindu Aa
1/N

. F9tiu
N 1 N
va = E[XY] :sziyjp(xi’yj) :ZXiYi(ﬁ) :WZXiyi
i i=1 i=1

*

Cyxy = EL(X =my )(Y —m, )] = Z(Xi =my) (Y —my ()

BT 1 N
~_ A\ :WZ(Xi_mX)(yi_mY):RXY_meY
QQ i=1

\




EX.291%11 RXy ey Cxy ann

M1 Tua19199aNY

- 2iayaINUE TN aesEnIng 12 - 30 1

- X=a1e uay Y=81ugy

No.(i)| X Yi [No.(i)| X Yi
20 178 7 12 168
25 176 8 18 156
19 163 9 26 174
21 184 10 20 171
30 180 11 24 182
16 165 12 17 179




Height(crm)

Scatter Diagram

185 R e e e
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Calculation Table

\

I X i X, X, — My v, —m, | (x, —my )y, —my)
1 20 178 3560 | -0.6667 5 ~3.3333
2 25 176 1400 | 4.3333 3 13.0000
3 19 163 3097 | -1.6667 | -10 16.6667
4 21 184 3864 0.3333 11 3.6667
5 30 180 5400 | 9.3333 7 65.3333
: 16 165 2640 | -4.6667 -8 37.3333
7 12 168 2016 | -8.6667 -5 43.3333
s 18 156 2808 | -2.6667 | -17 45.3333
0 26 174 4524 5.3333 1 5.3333
10 20 171 3420 | -0.6667 -2 1.3333
11 24 182 4368 | 3.3333 9 30.0000
12 17 179 3043 | -3.6667 6 ~22.0000

12

() 248 | 2076 | 43140 0 0 236

i=l

?ﬁi?%f 20.6667| 173 |R,, =3595| 0 0 Ciy =19.6667




PDF gy

=1 = = W o=t 1 =
1M 3NAaDa3l Outcome M1 1) 1dudios 2 wuy 1w 0 w38 1, an vide fia, 150 130

¥ ¥ S,
958191151580 Bernoulli Trial 1a8d1131 p uaz g {11 Probability Y99 Outcome

=
-

4.8.1 Bernoulli Trial ﬁ'm}! #7
I = o I
hlilﬁ"lL'ﬂ] ANEHANZUDINITNADDILAAZA

Mageasz1d p+g=1niag=1-p
P[X=x]

P[X<=x]
10 | ___ o _______ R

v
X




Binomial Distribution \

=ta ¥ ¥ =1 o ar o
4.8.2 Binomial Distribution Mﬂtﬂuﬂ’lﬁﬂ’lﬂﬂuﬂﬂﬁmﬁﬂl!.i"lLlfthlﬂﬂWﬂﬂ’l‘ﬂ*ﬂ Probability NIzd 1T L A93010N15 N
ua.J- .:i! = o 1w 5 ! " = |n='%J 1w
Bernoulli Trial N19%UA 17 173 Probability ﬂ*’ﬂ“ﬂ‘ijﬁﬁw Hﬁﬁ’lﬁ'ﬂﬁ"l’lﬂ“‘l_l ka3 ﬂ‘IJﬂWﬂ'H Bernoulli Trial 1‘]Llljf1J1J';5]E1'l1u
Al E 1

1131731A 71 A53 N3IAN Probability Tumsszanmadiiudaz mmﬂﬂup uazliidSrg =1- pozinld

W C(nk)pqg"™" Fariu p(X =k)=Cn.k)p*q" " waz E(X)=np, o; =npq
Al Probability ﬂi] ﬁ']la vk ﬂa i l‘ﬂ‘IJ Function fiU & ﬂﬂLﬂ‘IJ Distribution Function ﬂﬁ'mm’auwv ﬂﬂLa 81 Binomial

Distribution, (Ve b(k:n, p) = C(n,k)p*g"™" dunah Z( (n.k)p " =(p+q)" =
k=0
n nl

C(nk)=C'="C, =| |=—r \

k)~ ki(n—k)!

0% ‘ A R N i : : : : : :
b(k 1005) | N " LSRR SO S N S NS b _(_'f__lQ__Q__?_)____
(PSS N SN ST S SR S S S — = A A R
o o 7 SN SN S S MU SO S S———
e e o o I - S T S O
) N R SR WU RSO U NN SN S S e R E S e I
3 S S S s —
1 S s s s p— R
| | L e e e e N S
0 1 1 0 W i i i i
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Geometric Distribution

2 EY
4.8.3 Geometric Distribution Random Variable X 92111 Geometric Distribution A28 Parameter J2ai
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Uniform Distribution
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Gaussian Distribution
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Exponential Distribution
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Poisson Distribution
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Random Process
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Random Process
(Stochastic Process)
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Statistical Average
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- Notations:
- Random Variable: X
- Random Process: X(t)

- PDF
- Random Variable: fy(x)
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Sample Function: Ensemble
Average and Time Average

- Tuns@n Random Variable 151&u1sagu
paLITIaYMIALNY 13an Sample Point, w;

- lunseluag Random Process fratngviguas
ludratnvniilu Function Autian 3an
Sample Function, w;(t)

- Aadalueaazilal 1wvean Ensemble
Average

- agtnilauaadailnfuay Random Variable
- ALaRaUaILEay Sample Function 3an Time

A




Sample Function and

Ensemble
X(t)
' X (t,) e
» N,
Time
w; (t) S 7 > Averade
lj@amt
T T
o, (t) ~— = B
. L I > Time
[T t

Ensemble

Average oy Y(t), CT>2< (t)
X(t,), 0%

X (t;)




Statistical Average:
Correlation/Covariance
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Stationary RP
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Stationary RP

- Stationary RP
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Ergodic Random Process

- &1 RP 1flu Ergodic
- Time Average = Ensemble Average
- Mean Ergodic
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Discrete-Time Random
Process

a1z laNNATFUAIALNY (Sampling) uav
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Ergodic Discrete RP
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Ergodic Discrete RP
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Today Topics
+ Random Process
- Stationary: &éf'luilasu

- Ergodic: Ensemble Average=Time
Average

- Autocorrelation
- Cross Correlation

oh
» Counting Process
- MarKov Process
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Discrete-Time Random
Process
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HECSPIo Correlation

- 2. AEUNTLeaN Summation
- Ryx(m) = Yr-_wx(n)x(n + m) = Ryx(—m)
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Random Process o 8l& s

» Counting Process

» Birth and Death Process
» Poisson Process

* MarKov Process

» MarKov Chain
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Counting Process
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Poisson Process
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Poisson Process
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Poisson Process
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Birth and Death Process

5.6 Birth-and-Death Process
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State Diagram
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MarKov Process and Markov Chain

q O B 4 =t =i g I
Stochastic Process 101103 {X (¢ ), # €T } 3771101 Markov Process 193] set Mlsznovliaren +1 a1
e o =: o q @
VB, <1, <<t <t . 1Windexsetitaz set WD state {X,,X,..., x X _ } 9WWn +1 state N1l

n+1 IR

PIX(t,,)=x, X)) =x,.X(@,) =x,... X(t,)=x,]
:P["Y(IHH) :‘YHH}XY(!-H) :f‘{'”]

o =4 = :‘? 1o G o 1 |.=?|"l ar 1 3 ::%I
HUNADYIE)ANITHUDY process 1 E*U‘If.'@ﬁljﬂ‘ll state luﬂ'ﬂquu l!@l%l’lﬂlﬂmﬂ‘ﬂ state NOUHU U

@@o@@




Markov Process and Markov Chain ()
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MarKov Chain

» &1115U MarKov Chain (Discrete State L6
Time a133gtilu Continuous u3a Discrete)

- Tudutl 151aziuN Discrete Time Markov Chain

- gunswaunan gautailu Time Slot Muwindu
wazLsagn State i tu Time Slot a1y aatly
wALUaNITILAR LAV

. syuuaLi State vdiu 1 Time Slot Wi 62816
Probability P;;
. syuufinsid@au State LUy State duq @286

Probability P;;;j = 0,1,2,...,N,j # i

==>T)

Note: Continuous Time MarKov Chain auisa Model 212 Discrete Time

MarKov Chain Iagl# Limit szezriaves Time Slot whggue




Discrete Time Markov Chain
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Discrete Time Markov Chain
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Discrete Time Markov Chain
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Discrete Time Markov Chain

494 State 7 118z 7 921381713115 Communicate MAMSV1IAWDIN LAz 7 ’Li’l“lﬁ'ﬂ,.” > () meﬁ.’f’ > ()
l!ﬁxﬁﬁj f1¥] state 7113 Communicate 1183 1319812 14791 Markov Chain ‘qu Irreducible

fudaz state 7 V99 Markov Chain 51 il nsnmd integer d > 2 il P = 0 encdusiion i
gied d 151na131é31 Markov Chain 131’} w1311 Aperiodic

Ly 1 1 . . =t 1 o o
fA118 A1 probability distribution V8ILlAAL State {p A = U}- nudy Stationary Distribution #1%31

Markov Chain ﬁ’l

p,=>pP,. jz0 (1)
i=0

1 = g g I n-_g‘,:I i =t = =
'E]H’Nhhﬂ'ﬂﬂlil ¥} W&ﬁﬂlﬂlﬂ‘l’“ﬂﬁlﬂﬂi VD4 irreducible LAz aperiodic Markov Chain 117U Lﬁﬂd'ﬂ’lmﬂﬂgﬁﬂ‘ﬂlﬂﬁﬂ
' o o
=1 [ o = 1 E o o o g =t =l 1 'Y
LY 1ﬂ$1*lﬂ114'ﬂ?11]!ﬂ14 33(08739¢ ﬂﬂﬂﬁ']ﬁiﬂ?'¥1ﬂ) Lﬁﬂluﬂi Tl £ state probability distribution "l‘]Eh]fﬂ

p. =lmP’ ;=0

/ n—sm ¥




Discrete Time Markov Chain
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Discrete Time Markov Chain
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Discrete Time Markov Chain
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Discrete Time Markov Chain

kY

O T T o o o o o
wigTiEiuAio 9121091 i Markov Chain 114 irreducible #1129 37Uz NAUAINE state S (A8
1o E& ar 3“‘ 1 s 3“‘ I Q.a:! J=:J=| ar =i
probability #1AUH#4) 11T 8w AuluudazaTaNing tansition 00031917 state S 51192 ADTI(AI8 probability

1 oo = ar i g 1 4 oo o 1 =1 ar
WNNUKHE) M7 transition ﬂﬁ“].liﬂhJ state S FLH!FJ SRIGIAENR F-Jﬁﬂ‘l“l'ﬁﬂ'ﬁﬁ] BAIIAIUVDINIG transition 99AN.S MaUNL
g g 1

=1

w 1 oo ow 1 o o o=l U =
N13 transition YNHIA ININVBATIAIUVDINIG transition U1 S OULADANININGNNNAT IV global balance

equation Tugumsn 3




§91 MarKov Chain

ga1uzua9szuy a'ldanniulan Event Macilussuu
13en State wavseuU

- &1 State 1ilu Discrete 15116 MarKov Chain

1@ Probability &avsyanadunanisvinoiuzagssuy

- State Probability: Probability Aiszuuazagi State 1a
State iy
* WATINURY State Probability agsiagivindu 1

- Transition Probability: Probability Miszuuazfinisilasu
State

- ad1naann Transition Matrix

* WaTINVaY Transition Probability usiazial agsiadivindu 1
fnsyuuat Equilibrium @1 Probability uas State
Az LR/ aU wasg usaadua’lese Global Balance
Equation
MarKov Chain itsh&ulama Irreducible way
Aperiodic



Detailed Balance Equation:
Simple MarKov Chain
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Markov Chain(Detailed Bal Eq)
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* Transition Matrix uay Simple Markov
Chain azfianwaziilu Tridiagonal

Fo  Pu 0
o A1 R
P = 21 P P
Pn—l,n
0 P... Pu




Example

e MarKov Chain w&ayanlg Markov Model
fusilainvany
— 1. 2911 Transition Matrix

— 2. A1A Transition Matrix aya1uIaiin State
Probabillity
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Example

— 1. 2911 Transition Matrix

Po Pn Pn Py] [05 03 0 02
Po P. P, Ps| [01 08 01 O
Po Pn Pn Py| |01 01 06 0.2
Po Py Py, Pyl | O 02 02 06




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

p0+pl+p2+p3=1.0

Global Balanced Equation :

P; iji = Zpipij

i=0,i] i=0,i]




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

Po + P+ P, +P; =1.0

Global Balanced Equation :

P; iji = Zpipij

i=0,i] i=0,i]

po[P01 + Poz + P03] — p1Plo + P, on + p3P3o




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

PolPos + Poz + Pos] = PP + PPy + P35 Py
P, :Plo + P12 + P13] = Py I:)01 + p2P21 + P P31
P, :on + P21 + P23] = Pg Poz + p1P12 + P P32

Ps[Py + Py + Pyl = PP + P1Pis + P, Pos




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

Global Balanced Equation :
P,[0.3+0+0.2]=0.1p, +0.1p, +0.p,

pjizéf’ji - i:;jpﬂ p,[0.1+0.1+0]=0.3p, +0.1p, +0.2p,
p,[0.1+0.1+0.2] =0.p, +0.1p, +0.2p,
P,[0+0.2+0.2]=0.2p, +0.p, +0.2p,




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

Global Balanced Equation :

o © -0.5p, +0.1p, +0.1p, =0

: P. = P.
plizoz,i;j j izoz,;;jp' i 0.3p,—0.2p, +0.1p, +0.2p, =0
0.1p,-0.4p,+0.2p, =0
0.2p, +0.2p,-0.4p, =0

Homogeneous Linear EQ. &wudannslald



Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

-0.5p, +0.1p, +0.1p, =0
0.3p,-0.2p, +0.1p, +0.2p, =0
0.1p, -0.4p,+0.2p, =0

Po +P +P, +Pp;=10

gaviIaun1sii 4 s laiana + 5a 3 aunrsaslsAla
aun1s Non Homogeneous System of Linear Equation
unlalaais Elimination agla Unigue Solution




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 O
0.1 01 06 0.2
0 02 02 06

—0.5p, +0.1p, +0.1p, = -05 01 01 O |p, 0
0.3p,-0.2p,+0.1p, +0.2p, =0 . 03 -02 01 02| p, 0
0.1p,-0.4p,+0.2p, =0 0 0.1 -04 02} p, 0

Py +P +p, +p;=10 1 1 1 11 ps 1

Non Homogeneous System of Linear Equation
unlalaads Elimination agla Unique Solution
Algorithm Tun15uA&uN15 3AR1IN1L KA




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

—0.5p, +0.1p, +0.1p, =0 (1
0.3p,—0.2p,+0.1p, +0.2p, =0 (2) (4)-5%x(2): -05p,+2p,+0.5p,=1 (5)

0.1p,-0.4p,+0.2p, =0 (3) (4)-5x(3): P, +0.5p, +3p, =1 (6)
0, +p +p, +p,=10 (4 31aun17A(1),(5),(6) 15216
-0.5p,+0.1p,+0.1p, =0 (D)
-0.5p,+2p, +0.5p,=1 (5

P, +0.5p, + 3p,=1 (6)




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

-0.5p,+0.1p,+0.1p, =0 (1)
-05p,+2p, +05p,=1 (5
po+0-5p1 + 3p2:1 (6)

6)+2x@): 0.7p,+3.2p, =1 (7)
(6)+2x(5): 4.5p,+ 4p,=3 (8)

4.5 4.5 4.5
-2 (7): (4-232)p, =3——=
(®) 0.7() ( 0.7 )P 0.7

_3.4285714

D, = = 0.2069
~16.57142857




Example

— 2. AL State Probability

05 03 0 02
0.1 08 01 0
0.1 01 0.6 02
0 02 02 06

1-3.2p,

From(7):p, = =0.4828

From(1): p, =0.1379
From(4): p, =0.1724

aun1s System of Linear Equation ualalaeis Elimination

p, = 0.1379, p, = 0.4828, p, = 0.2069, p, = 0.1724




Example: Simple MarKov

« MarKov Chain waagael Markov Model
GFIVRNERN
- 1. 2911 Transition Matrix

- 2. 1A Transition Matrix 3sA1uIUMN
State Probability

ONCRSBomS
Sy

\




Example: Simple MarKov

* Transition Matrix

.] [05 05 0 0 0
01 08 01 0 O
0 02 05 03 0
0 0 02 06 02
0 0 0 06 04]

aO 11 12 ,3
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‘w
~

Lo
« I
N

L
£ I

I
1
o

.0 S0 JU U U
N
w
IS
I

=
=
N
w
~




Example: Simple MarKov

- State Probabili

_PO,O PO,l PO,Z I:)0 3 I:)0,4_ _05 05 O O O 1
Po P R, PR; R,| |01 08 01 0 O
P=|P, P, P, P; P,|=/0 02 05 03 0
Po P P, P; Py, 0O 0 02 06 02
_P4,0 I:)4,1 P4,2 P43 I:)44_ _0 0 0 0.6 0-4_

Detailed Balance Equation : p,B ; = p;P;

po 01— pl 1,0 O-5po :O'lpl or p :5po
= ) PP 12 = p,P. 21 _ 0.1p, =0.2p, 0r p, =0.5p, =2.5p,
pz 23 — p3 3,2 0.3 P, = O.2p3 or p; :1-5p2 =3.75 Po
PP, =pPsPs  0.2p,=0.6p,0rp,=4p,=125p,




Example: Simple MarKov

- State Probability
Detailed Balance Equation : p,P ; = p;P;

pOPO,l = p,F 1,0 0.5p, =0.1p, or p, =5p,

p1P12 = p,P 21 _ 0.1p,=0.2p, 0r p, =0.59p, =2.5p,
p,P 23~ = ;P 52 0.3p,=0.2p;0r p;=1.5p, =3.75p,
p3 3,4 — p4 4,3 0-2p320-6p40r p4:%p3:1-25p0

From Po+ P+ P+ Ps+ P, =1
Po +5pP, +2.5p, +3.75p, +1.25p, =1
Pl+5+25+3.75+1.25] =1
“p, =0.074074 then
p, =0.37037, p, =0.185185, p, =0.277778, p, =0.0925




Example: Simple MarKov

- State Probability

Detailed Balance Equation : p;P,

pOPO,l - plpl,O
p1P12 - pz 2.1
pz 23 — ps 3,2

p3 34 p4 4,3

0.1p,

0.5p, =

From p,+p +p,+ P+ P, =1

0.5p,
0.1p,

—0.1p, =0
-0.2p, =0
0.3p,-0.2p,=0
0.2p,—-0.6p, =0

on+p1+p2+p3+p4:1
e o

05 -0.1
0 01
0 0
0 0
1 1

= P;P,

0.1p, or p, ~5p,

=0.2p,or p, =0.5p, =2.5p,
p—

0.3p,=0.2p;0r p, =1.5p, =3.75p,
0.2p,=0.6p,0r p, =%

P, =1.25p,

12i38uae Matrix

0 0 0
-02 O 0
03 -02 O
0 0.2 -0.6
1 1 1

Po
P
P,
Ps
P4

b O O O O




End of Chapter 5

* Chapter 6
- Introduction to Queuing Theory

* Homework Chapter 5 Download

- UM Correlation uay Stationary RP uas
n1512 Global/Detailed Balance Equation
u MarKov Chain
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Topics

» Birth and Death Process
» Unlimited Server

* N Servers

+ Single Server, M/M/1

»+ Kendal Notation

» Applications
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System

- szuudsenauaie Input way Output

- WANsasTuuUNniiniIsliiuanis(Service) un
anA (Customer)

- anAdnuTussuuNazasuusnis (Input)
- szuudl Resource Nannatun1stvusnig

- anA Wa'ldduusnisual aan'ludannszuu
(Output)

* FYUUANAADINUINY, FTUUNUITUIANT, F8UL
N1333133, 5¥UY Operating System 1u
FemNieas, ganilindu/uis, A[nauas/
“@ 211173, SEUURARTADYR, FeUUINIAWY LAY
UG NUN




Queuing System

Arrival Rate = A Departure Rate = i

Customer — System - CUstome

1.a651n 7542/71/72/aa¢yﬂm Aa Arrival Rate
2.80510152an 1uavgnduia lasiusn15ia5ada Departure Rate
3. State wavssyyAav1uIugnA1Tag luseuy isausnis
N5ANIRIGNLUTNIT
4. 81520y TN I1TIAIT NITUTAITINATMARSTI1LNTaUNY
uaglnduniada 151813150 12752/uyy MarKov Chain agv1e5suy




Queuing System

Birth Rate

Death Rate

Arrival Rate = 1

Customer n—( System

Departure Rate = i

- CU/sTome

5. ans v 296381015121312 2980 A 53 229 Time Slot
uazyuininan1sai ilAadu luuaas Time Slot ,
3) TgnA1Iusizut iWazalvusnis (State vavseuyILWL)
usa b) Tgnd 1M lasuusn1sudraanarnszyy s/ (State 32aa)
usa c) IuTgna1 vy uasluiTgnarilusa1siasa (State AvIAY)
6. 371 Model Za 5 157321 Discrete Time Markov Chain
R\ 228508717872 av Time Slot dunrnaunsevisgnaIiid it niaaanl

~ A= Ty 2293379 Time Slot a1x 15T IGuAAuIdE 2
15132873150 Model sy lg1iu Simple MarKov Model




Queuing System

a1 4 < 1 5EULIEHINTA
2ig Equilibrium 1la
Birth Rate  p = %,' Server Utilization Death Rate

Arrival Rate = A Departure Rate = i

Customer — System - CUstomer




Queuing System
Simple MarKov Model

Birth Rate

A<u

Death Rate

Arrival Rate = 1

Customer n—

Departure Rate = u

- C1/sTome

Detailed Balance Equation: p;P;; = p;P;j;
g mmsiaav State i, | Magdanilng



Queuing System
Simple MarKov Model

P.. = 1:P::
Birth Rate Pty = Pi%ji Death Rate
<y
Arrival Rate = A Departure Rate = u
Customer — System - CUsToMe

By B, B, I b, .

tudiiis1aeWarsai1nsal
1. dignAuaazs1ei2u1 Iuseyyuyy Random
uaziily Poisson Process
2. nar1lunistiusnirsuvavgnaruaasse 1y Random
Tn15n52318 811 Exponential




Queuing System
Simple MarKov Model

P:: = D:P::
Birth Rate bi /l{ (p] /t Death Rate
7,
Arrival Rate = A Departure Rate = u
Customer —) System - CUsToMe
Arrival: 1. Probability #azfgna k auizu1luzav T Turif
(AT)ke’lT
Plk]l = P|X =k| = ol k=0,1,2, ..

172 A ifluanadaruIrugnar it 1u1 aafuri
2. A1 Inter-arrival Time, T 3&TA15ATE LU
Exponential #2&auada 1/,
P[T<t]=1-—2Ae™#*




Queuing System
Simple MarKov Model

piPij = pjPji

Birth Rate 1 < 1 Death Rate
Arrival Rate = A Departure Rate = u
Customer —) System - CUsToMe

Departure: 1. t?ﬂ?tﬂﬁ'ﬂﬁ'@ﬂﬂ”? 12/u5n 15 = T4(Service Time)
328N 157N 72318812 Exponential
Probability ¥gaa13 ?ﬂt?ﬂ?ﬂfﬂ?i UaunIng

ALt P[T < t] = 1—T—e ‘I

2. Departu re Rate Aaahs1ignAraanainseyy
uia lasiusn15iaia(aasn 752’24”1/%7 1TUNGNA"

”__

S




Queuing System Case 1I:
Unlimited Server; No Queue

Bo

Arrival Rate = 1

Customer n—)

Departure Rate = i

System - C1/sTomer

1. gamizau «u Random @35/3”@574@5):/ A UASTINITATEAEULLY Poisson
2. AuyAI Customer uaAsAuIIZIN la5un15 Service 31AsEuuviuv (seuui
Server 31uIuluia uassy Customer laluaisia)
3. a1l Tuns Service 1ilu 1ilu Exponential @438 1U2d T,

4.
5.

SEUUFINITAIY Customer laluTiAin
anANZIu laviazau uasaaniasai
6.  sEuvizan M/M/oo



Queuing System Case 1I:
Unlimited Server; No Queue

/1<,u

PIT >t]=e"";T =}/
[T21) =Y

Ae™ _P e’
P[k] = =4
Arrival Rate = 1
Customer —() System

Departure Rate = i

- CU/s fomer

1. &uydI1 Customer uaasauiizunuily Poisson uag lazunis Service 31A5< S22 9iU
2. vanilylunis Service 1ilu Random auydInilu Exponential aeiIa1ade T,
3. SUVAIN5OIY Customer laladarAia uaiziu laviasau uasaaniasau
4. cyyidisen M/IM/o uaa laaae S/mp/e Markov Model
LTI INITANG Y ?mmv State Probab///zj/ 2N 1TATEELL PoiSson




Queuing System Case 2: Lost Sys
Limited Server=N; No Queue

Ae™
k!

P[k] =

PIT >t]=e"";T =}/
[T 21) =Y

Arrival Rate = 1

Customer n—)

System, N Server

Departure Rate = i

> CU/stomer

1. &uydI1 Customer uaasauiizunuily Poisson uag lazunis Service 31A5< U170
2. vanilylunis Service 1ilu Random &I U Exponent/a/ AIEIANARE T,
3. sewudsasy Customer la'N aamn Server iy g3y Customer Ivai'lala” (Lgst)
4. cyyilisen M/M/N/N uaavlaae N-state Simple Markov Model
State Probability 3£in 75/‘75&’5) 7£/uz/1/ First Erlang (Erlang B) Distribution




Queuing System Case 3: Delay Sys
Limited Server=N; With Unlimited Que

. N ﬂ/(ﬂ

%po;nggN N [ 1
re’ px:%NN. 1Y% ' Po= NI(N - )+ F /T
PIk =" N Wj o x= N p) K] prragaetiT = Y/
Arrival Rate = 2 Departure Rate = i

Customer -  S\yStem, N Server sl Customer

1. auyaI1 Customer UAASA usmizaunily Poisson uaslasunis Service AU ViU
2. 1a1ilelunis Service 1ilu Random aueinilu Exponential @e12a Uade T,
3. ssyyaiusasy Customer laluaidia uaas Service lagoga N wiaugsAu
4. amn Server wgx Customer tuuagaavsalu Queue lunsaliiazifia Queuing Dexay
5. yuiisan M/M/N wsa M/M/N/eo uaav laaaa Simple Markov Model
o Probability aziini1saseareuiy Second Erlang (Erlang C) Distribution




Queuing System Case 3: Delay Sys
Server=1; With Unlimited Queue; M/M
A<u

-1
po{iﬂ} =1-p

e~ (1-p)
P k = X P 2 — —t/TS ; T —
[k] k! p.=p 1-p) [F=t]=e i }/
Arrival Rate = A Departure Rate = i

Customer -  S\yStem, 1 Server i Customer

1. auyaI1 Customer UAASA usmizaunily Poisson uaslasunis Service AU ViU
2. a1ty Tunis Service tifu Random auxdinilu Exponential a3£4Iauade T,
3. ssyyaiusasy Customer laluaidia uaas Service lansvasaiu
4. amn Server wgx Customer tuuagaavsalu Queue lunsaliiazifia Queuing DeXay
5. yuidisan M/M/1 viga M/M/1/c0 uaav laaiea Simple Markov Model
o Probability aziini1saseareuiy Second Erlang (Erlang C) Distribution




- Service Ra
=u=1/T:

customer

!
!
!
!
Arrival Rate = 1 |
!
|

Customer n—( Queue(FIFO)

M/M/N :
Queuing System Servers

f@‘




M/M/1: Summary

u=1/Ts

-

Arrival = Poisson, A
Inter Arrival Time = Exponential, 1/
Service Rate, u
Service Time, Ts (1/1) = Exponential

Queue = FIFO
1 Server




Queuing Model(1 Server);
M/M/1

Queue = 0, No Delay e Queue = Delay

Server 39 Server Busy

1/Ts = service rate

arrival rate For each server
4D\
_/

A wu=1/T,

"\

A@‘

\




msauves M/M/1

State = 0
r— mm=  No Q Delay
" ‘ " Queue Empty
State =1
Delay
State = x; Queue = infinity customer Wart in Q
State = x; x = Q+1
(I
‘ . Severe Delay
Queue Overflow (Full

syl Queue J2u1a317H = Q Congestion

Packet Lost




L3eauLnay Queuing Model
(N Server) M/M/N

Queuve = 0, No Delay Queue = Delay
ofofSoots
\/\ ....... Qv ....... ..............
Server 319 I/ Server Busy N Sqarver Busy

1 Server Busy

1/h = service rate

A/h=arrival rate For each server

/Maxil;wm Service Rate
=N/h

Service Rate at State
k = k/h

OO0




=
N
=
N
Z

State <N
— No Delay
Queuve Empty
State >= N
Delay
customer Wart in Q

Limited Q

Severe Delay

] Queue Overflow (Full
Congestion

H
|
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Network Model using

uaae Router (Zausmaduaie Logical Link (ge

4@‘ &@dfiaua73 Transmitter dudeslunisavzayasiiu Link
AN



Network Model (M/M/1)

[]

O O O = =
= = =

AUNAI1ADNNIA25ViIAaAL Router
FAVAITAVUAYRAVAU AINLEUNIITIAIEURA




Network Model (M/M/1)

L j— ——

=T
~@ 77 Output zav Router #7275 Model Tag 72/ MIM/1

\



Network Model (M/M/1)

[ [ R [ = =
= = =l

_aus1liya Model tilu M/M/1
duily Delay asiilunasinnay Delay uaasau




Kendal Notation

;

| =1 [ dli. = d:' et s [ e :%I
David Kendall' 14Aan13 1¥i3aiiiaazad1195200 Queuing 443901114 1111131199 Kendal Notation 1145 1/utitidi a7

A/'Blc/K/ImlZ

Tae

A %1311894 Interarrival Time Distribution

B 1Elﬁd Service Time Distribution

C WIPDIIIUIUVBS Server

K 131889 System Capacity %139 §1431UU84 Customer qdq@ﬁﬂmﬂﬁﬁiu J211l
m MINend NUIUUDS Population 138 Source

==
Z ¥11804 Queue Discipline




Kendal Notation

=y =i s LI 1 i i = =g A =t LI o
Un@Atiseineg 1131 Short Notation nd1dfa A /B /¢ Tagausfdliin2118139849 Queue 11 1id11a
(K = o0), 9147184 Source f]mumth'ﬁ]ﬁ’ﬂ(m = o0 ) 1Az Queue Discipline 113 FCFS(First-come first-serve) 130

FIFO(First-in first-out)

Distribution ﬁ1’ﬁuA wa=B an

G/ General Independent Interarrival Time
G General Service Time
H i k-stage Hyperexponential Interarrival 138 Service Time Distribution
E Erlane-k Interarrival ‘I’i?'ﬂ Service Time Distribution
ll';" (-
M Exponential Interarrival 139 Service Time Distribution
D Deterministic(Constant) Interarrival %130 Service Time Distribution

- - . : 21 . , T
[ Uniform Interarrival ¥38 Service Time Distribution




Kendal Notation

AUV Queue Discipline ﬁﬁEJMLlﬁuﬁ
FCFS 130 FIFO  First-come first-serve 3 ® First-in first-out
LCFS 138 LIFO Last-Come First-Serve #1538 Last-in first-out
RSS 1139 SIRO Random selection for service ¥39 Service-in-random order

PRI Priority Service




Next Week

* M/M/1 Analysis and Examples
* HW 5 Due
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Topics

+ Single Server, M/M/1
» Kendal Notation
» Applications
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Queuing System Case 3: Delay System
Limited Server=N; With Unlimited Queue

C }\,<
'[))(l Pe; 0<X<N “

Py =1

Zet PNV p
k! NI UN

P[K] =

Arrival Rate = A

Customer =y System, N Server

Departure Rate = p

- Customer

OOk wWwhE

&uNGI Customer weiazAuLaiaily Poisson wagld¥unis Service ANITUUUN
Lailadlunas Service 1y Random &uuiintilu Exponential saaviaade T
seuUaNNIa5U Customer ‘La'lud1Aa wexg Service lagudgn N waaugiu

d1mn Server Liiu Customer Tnsiagsiagsalu Queue lunselfiaziin Queuing Delay
ssuufliian M/M/N %3a M/M/N/o udaa'lesine Simple Markov Model

State Probability agfinnsnseanawuu Second Erlang (Erlang C) Distribution

pl Ij 'i



Queuing System Case 3: Delay System

Server=1; With Unlimited Queue; M/M/1
A<

o,
D, = —+1} =1-p
plk] =2 | Ll_p ) 5 g
— X Zt =Q S; =
k! p=p (1-p) T=1]=e S %‘
Arrival Rate = & Departure Rate = p

Customer =) SysTem, 1 Server - Customer

suNGIN Customer weiazAuLaiaily Poisson wagld¥unis Service ANITUUUN
nanldlunis Service tilu Random auydiniilu Exponential daanaade T
seuUaNNIa5U Customer ‘La'ludAa weiag Service lansvazau

d1mn Server Liin Customer Tnsiagsiagsalu Queue lunselfiaziin Queuing Delay
szuufiizan M/M/1 w3a M/M/1/o uand'lasae Simple Markov Model

State Probability agfinnsnseanawuu Second Erlang (Erlang C) Distribution

pl Ij 'i

OOk wWwhE



M/M/1: Summary

=1/Ts

Arrival = Poisson, A

Inter Arrival Time = Exponential, 1/X
Service Rate, p

Service Time, Ts (1/u) = Exponential
Queue = FIFO

1 Server

) —




Queuing Model(1 Server);
M/M/1

Queue = 0, No Delay e Queue = Delay

Server 319 Server Busy

1/Ts = service rate
arrival rate For each server
2D\
_/

A wu=1/T,

"\

A@‘

\




msauves M/M/1

State =0
— — No Q Delay
” ‘ " Queue Empty
State =1
' ‘ Delay
State = x: Queue = infinity Customer Wait in Q
State = x; x = Q+1
‘ . Severe Delay
Queue Overflow (Full)

Congestion

n3elfl Queue fau1nidn = Q
Packet Lost




Kendal Notation

;

| =1 [ dli. = d:' et s [ e :%I
David Kendall' 14Aan13 1¥i3aiiiaazad1195200 Queuing 443901114 1111131199 Kendal Notation 1145 1/utitidi a7

A/'Blc/K/ImlZ

Tae

A %1311894 Interarrival Time Distribution

B 1Elﬁd Service Time Distribution

C WIPDIIIUIUVBS Server

K 131889 System Capacity %139 §1431UU84 Customer qdq@ﬁﬂmﬂﬁﬁiu J211l
m MINend NUIUUDS Population 138 Source

==
Z ¥11804 Queue Discipline




Kendal Notation

=y =i s LI 1 i i = =g A =t LI o
Un@Atiseineg 1131 Short Notation nd1dfa A /B /¢ Tagausfdliin2118139849 Queue 11 1id11a
(K = o0), 9147184 Source f]mumth'ﬁ]ﬁ’ﬂ(m = o0 ) 1Az Queue Discipline 113 FCFS(First-come first-serve) 130

FIFO(First-in first-out)

Distribution ﬁ1’ﬁuA wa=B an

G/ General Independent Interarrival Time
G General Service Time
H i k-stage Hyperexponential Interarrival 138 Service Time Distribution
E Erlane-k Interarrival ‘I’i?'ﬂ Service Time Distribution
ll';" (-
M Exponential Interarrival 139 Service Time Distribution
D Deterministic(Constant) Interarrival %130 Service Time Distribution

- - . : 21 . , T
[ Uniform Interarrival ¥38 Service Time Distribution




Kendal Notation

AUV Queue Discipline ﬁﬁEJMLlﬁuﬁ
FCFS 130 FIFO  First-come first-serve 3 ® First-in first-out
LCFS 138 LIFO Last-Come First-Serve #1538 Last-in first-out
RSS 1139 SIRO Random selection for service ¥39 Service-in-random order

PRI Priority Service




Analysis a2l M/M/1

guNAnauwsnI Queue duua’lidnne

1o M/M/1 Tun1s Model waag Port aas Router (1192
Switch L3)

Arrival @ad1uiu Packet itzinauntumsnaiuils Uné

ailu pps

AU Packet &uudnluviuay wafin1snszane

wuu Exponential o

- Service Time wavusay Packet agiilu Exponential 638 il
fiuagAua Link Speed 2ay Output Port

A1 Server Utilization winduamas&iuuag Arrival

Rate 119628 Service Rate azlivuanaas&Iui

Server 3¢ Busy uag@a Link Utilization aay Output

Port aha




Queuing in Communication
NW and M/M/1

Arrival Ra‘re' ‘ Service Iia’re = 1/Service Time
y) u=1/T,
p=A1u=AT,

A@‘

\




Example

- Router 165U Packet 1ada 8 pps

- AuaNUaY Packet finnsnseanauuu Exponential
fagAINNENILaRe 500 Octet

- Link fiagavaanly iaauisa 64 kbps
» 1. Arrival Rate, A = 8 pps
+ 2. ANUNENIRAnuag Packet = 4000 bit

. 3. A3 Link = 64 k 69iu Service Time, Ts
aadnay Packet = 4000/64k = 1/16

* 4. Service Rate(n) = 16 pps
- 5. Server Utilization = 8/16 =0.5 = 50%



Assumption

1. aein&u71 Packet Mi2inun siagiilu
Independent way Random ulvtilu
Poisson

2. ANNENAY Packet azauyfilu
Exponential §oiiu Service Time awiilu
Exponential e3¢ wiaNy Az udazly

anEIavln

3. d1 Output Link t&en Aacilu Single
Server

4. gofingdr F9azilu M/M/1



Utilization

+ Utilization uandasaui Server ¥
Busy was&uwusiyu Probability 1
Queue AgINY
- Probability 9 Server 119 1—p

- 1u Network Aafa Probability 7
Output Link 3¢ Busy a2

p=Alu=AT,

A@‘

\




Arrival Rate

- Liavann Arrival Rate dn1snszanaLuyl
Poisson @ailua1l A iiludnsads
229 Customer (Packet) tdnunlu
2139131 1 U
- Probability 7iagfi k customer (Packet) 12in

1N Tuagan T I unagnlaann

(iT)ke_/IT

k!

P(X =k) = p(k) =
p(0)=e™

A@‘

\




Service Time

. T 1flu Service Time \a&8 waz Service
Rate »n'legann u=1/T,

- lagsan Service Time tflu Random
Variable Afinsnszanauuy Exponen‘rlal
fatiu Pr'obabull‘ry  Service Time audl
Adaanin T aziilu

pit<T)=1-eT"""

A@‘

\




Queue Distribution

+ AN3NsEAN8UAY Customer (State Probabili’ry)
gunsaduallaann Probability 1 svuu g
k Packet atidvil

= Po(AT,)"

- 1aai p, Aa Probabili‘ry A 2l g9

Po =1-p=1-AT,

- Fotlu e P = (- ATH(ATY)" = (11— p)p°

- ARNAA NNTNT¥ANEUAY Customer Tuszul

w3am1 State Probability agiilu Geometric
Distribution



CaRIS™L Customer &9, N
RGBS State, E[X]

ANAPX =x]=p, =1 —p)p*1a0la
E[X- - Zx 0X Px = (1 _p)Zx ()X,D
ueann (CPE231) X% jxp*~1 =2

(1—p)?

QJQJ

JUU

X] = (1= p)p Teo xp™ = 15

A@‘

\




Queuing Delay

- AN Geometric DisTribyTion ANLDNE
AaAUIU Customer Lale ARFTUIU
Packet taaaTuszuu agnn'laann

N=_F
1-p

« gNAALANIZANUIU Customer Lalalu
Queue 19116




Queuing Delay

: a‘im%’n Network aitada anulu Packet
ety seuy wazlu Queue agnlaann

2

N=—-" N, =%

1-p 1-p
- aueay Packet g”aoiﬁnmtaﬁﬂ‘lums
Service T, a9Uu A1 Queuing Delay
FzLilu

woPls _ P
1-p wu—-A4

"\

A@‘

\




System Delay

- weay Packet m”aﬂ?j”nmtaﬁﬂ"lums
Service T, 691U A1 Queuing Delay

11l
wo?Pl _ P
1-p u—-A4
* uasnaaleInuaNgnAIazHadIaly
FeUUNINUAALLTTU
T-w4T =~ Lt 1

u-A p p-2




Little's Theorem

- g1 T llunaadangndraslussuy uay
A iy Arrival Rate sutiudnulugnan
IR TUTTUUALLYNAL

N=AT

N = AW




a3 M/M/1

I. Notations

P, A Steadv-state probability “ﬁ:ﬂ::ﬁ N customer U3V

A . e Arrival rate(Ssdmnduvassin Aevad inter arrival time)
U . #1 Service rate(AIUNFUVBIAUR RGBT service time) = 1/T,

N . AU BgUD93 171U Customer Tu52 1A

N, AR EEUD93 117104 customer 15011 Quene

T . AURABD 17819849 Customer f*'iﬂyﬂm:uu

W . ARS8 Customer 933011 Queue 131323 Service Time

; ‘F]I’IHJEEJ*‘IJE& service Time

 Second Moment 41849 Service Time




a3 M/M/1

II. Little's Theorem

III. Poisson Distribution with Parameter in

= n

e m
p,=——. n=01..

in!

mean = variance = il

IV. Exponential Distribution with Parameter .

Plr<s]=1-e™, 520
Density: p(7) = de ™"
Mean: =1/ /

Variance= 1/ A”




(a)  Utilization Factor (8813187344 84138191 Server Busy)

’d?ﬂ M/M/l P=i

Probability Nazil N customer W52V

(b)
p, =0 (1-p). n=0.l..
(c) =T:i’l1-_l’,|1-_lLiJ_§|if_l=‘|J'E]~iI Customer 145211
N=_"
1-p

(d) I NNAPUDI Customer 14Tl
Al—p) pu—4

$1UIURASUD Customer 11 Queue

(2]

i,

N — J‘j

o "1,

B B i‘l
(H  aunasiiaoisaly Quene Y99 Customer

2
H— A

W =




M/M/1 Example 1

Examples (M/M/1)

=i o o s 1 -é -:; o = 1 o -=; =i
L a5 Uea 1995000 TuiTauy 9 9105505 maﬁ’amﬂammﬁﬂﬂﬁﬁﬁmwm M3 nuNiusadidunimg
N5210UUY Poisson 108319AT 1R A8 4 AU dod Tue na ¥ lumsdasaudazdunynimsnszaleuuy /
=i 1 ::_ 1 o =t 1 4 o =4 =A 1 == =4 !'E:I -J
Exponential 1A8iA1adeuAY 10 WIideniaAy uazmsa1asaiidied 1 Line na1nfavzda ldiisanssazsiil
v a2 A aw 33 = v T Y Y o s VS T
AU 9997 (1) Probability Nsani N 141u5msazaassams lyuims (2) e1mansianiveasalngnmige

M3 150535 T30 6 AU 2941 Probability N3anwunldusmsaziaunsoveasaseld '

1

T 111
1 61151,41,31,2
oo T




M/M/1 Example 1

AR

® 31091 LaINgMMUA Na1If Arrival HJH Poisson Distribution, Service l‘ﬂ‘IJ Exponential Distribution gz

-—

Anuensafizuimsdeia 18fias 1 4 magl1dhzunsdu M1 Model

e lun; ﬁiﬁm’rﬁ Hudonnaunie 2§ uazaoid il Na AR IREEU Arrival Rate 150 A 12
AR ABUD Service Rate A0 U ﬁﬁwﬁ’mhﬂwﬁﬂﬁa AoNUIEna1IzA AN '1uﬂiﬁimm%’aﬂ?‘ﬂwﬁmﬂw'
F1 T334 3v191amnﬂv¢m1u1ﬂ ﬂﬂﬁlﬂﬂ?ﬂﬂﬂv1ﬂ1ﬂﬂﬂuuﬂm1 a3 tile'ld 2 éniiudaRamnin:
unua 1/ lug 3 Al 1dnaa

° 'ﬂ’m%mﬁ 195718 A = 4 AudedaTis uas U=60/10=6 Audadalg

1 ¥
] W =t
® IDUNUAIRNY EJ"F'IT‘JL‘E ’Ihl'ﬂ*ﬂdﬂ

> Utilization Factor (8A15187UU8312a771 Server Busy)
A |
P =—=4/6=2/3=0.6667
U

N )




M/M/1 Example 1

» Probability "ﬁﬂxﬂ 71 customer U3z
p,=p"(1=p), n=0]1..=(2/3)"(1/3)
» gl ’JHLﬂE’%H“LIE]»‘i Customer 115211
N=F = 2—!_(3:2 A
l1-p 1/3
» NAUREYBT Customer 1152111
o, 1 |

a = = o I = o o
=1/2 %3133 ¥70 30 WIN(FUnariu 2@ 13l u% 139)

T al-p) u—-1 6-4




M/M/1 Example 1

31U IR AVD Customer 11 Queue

J._?\-'T = — e
° 1-p 1/3 3

naundendsdsaly Queue V&3 Customer

u—,a 64 "3

Queue L‘T]’I‘IJL! ﬂ@l?ﬁ]ﬂﬂﬂﬂ’lﬂﬂd :Iﬂﬂﬂﬂ“ﬂm lﬂa‘].l"l_la RF lNl'ﬁl?ﬁ]Lﬂﬂﬂ"tH‘l’i‘ﬂlﬂlH

2/3 1 .- o 2. 4 -
W = P F21319 = 20 W19 MRADIAURATIHI VRN 11

1z L*]i»i'ﬂ’llﬂﬁﬂ“r’]ﬂ“r’i’ilﬂhﬁEﬂﬂﬁlﬁ]dﬂ'}ﬂﬂﬂﬂHﬂﬁEJﬁUE]d Service Time N&1IA8 10

=1 o3 =1 . o q 3 L a=l|a!'I o
HIN L“]J‘Ll! 30 U T} L*]i»ﬂ'ﬂ’lﬂ?ﬂllﬁif]ﬂﬁ]ﬂ‘l’i’ﬂ THLERT)




M/M/1 Example 1

Aeoud1eui (1) Tanddaans 1iA1198 Probability N33 1905n1592A0359 11 Queue AA1FD 304

3/ af 21 M = o A 1 3)’4:?.;. ar g ¥ = 1Y 1=t g = g 13t
AMNIEADITENABDIID S ﬂﬂﬂﬂu'ﬂﬂﬂﬁu]ﬂﬂ'lﬂﬂl'{l}"fl_liﬂ'lﬁﬂgjlﬂ"lh];ﬂ-\liliﬂliﬁﬁ'lllllﬁﬂ ﬁﬂﬂl‘"ll“'lﬂil'lﬂﬁh];ll@]ﬂﬂiﬂ l

o = W oo = r_la & ot = =i ar 1 g
l!ﬂﬁﬁ11ﬂiﬂ1“ﬁﬂiﬂT h];ﬂﬂﬂﬂ ﬂﬂﬁﬁ]ﬁ1ﬂﬁ]ﬁi11iﬁ] Probability 192330 1 AW H?Blﬂﬂﬂ’ﬂlﬂizﬂﬂ

o
wis P[X =1]=>_ P, lunsaiil 18 hen i 1190594 Probability
n=1

Tao P[X >1]=1-P[X <1]=1 —P[U] —1-P =1-(2/3)°(1/3) = 0.6667

o o -=v;. i =l -=v%.I -=v;. = -=l IJ=!-=;. r_I.- = 2 =l 1 Ly o s :: o s
AIRDUFTD N (2) lﬂﬂimu‘ij ansaluAud 7 3z liiinvea Tunfelisna0madLal 6 AX SIWAVUTONMAY

U

1 =1 I 1=t =t o = g
THUsms 1 au ﬂmuﬂ’m aﬂﬂEJLLﬂ'.J du vige N sanwnnde laz liiineea iunde landdesms 11
W P[X =7]=1- P, — B —...— P, 1sia0314 MATLAB A4 92 1A 10AD 1-0.94147 =

0.05853

winewig 90(2) 01azAnn PLX =2 7]=> P, Zp 1-p)=(1- p)z i
n=7 n=7

=(1-p)> P =(1-p)p’ Zp = (- p)p’ —— = p’ =(2/3)" =0.05853

0 l—p
\*




M/M/1 Example 2

1 ) § | -dli' ﬁua:! =y o - o - ) Bl o al -=':.r_,' Y : -="1' ) - = 3..".
2. ﬁT]ﬂElE]ﬂWﬂﬂﬁLﬂﬂﬁLlﬁdﬁﬂﬂﬂﬂﬂﬂ?‘lﬁﬂﬂﬂﬁl':Ifﬂ ﬂaiﬂﬂﬂﬂqﬂm]ﬁﬂﬁ']ﬁﬂ'ﬂ.l':IﬂTfJ(TEllEl‘}H‘HQﬂH vInnEinyvada

&

Y = gy = 1 a0y ady g3 = o = 3/ ¥y g =
gnAIN1FuTMsnuNmasLa IRV 1FUIMI ¥ lsaz 10 AY 1agn15131v93gNA LY Random Azl
N151520180DD Poisson HazgNA WAz AMRTBNEI: 1HTMS Wunar 5 i Tagszeznainslsnu Jad ‘

[~ 1 o 1= . n & ar -=v:. c:-' af -:: as S-'-:: =5 _l"-:v:. o  me
1114 Random AU UATINITNTZBUUY Exponential 5H1A13 l‘ﬂ'ﬂﬂqr’lﬂﬂhh 3 NAMs ']JE-JJQII'HIFI‘E’E](TJ JUEENTTEN

= Y=

19381159 (1) 2911 Probability fignAiew 11192 14119 (2) 24%1 Probability 1gnA1

q¥ = 9/ =t
15 msane) Mvidaaza

3 Y = y = 9 3 = P = Yo o=
W2 ADIBUTD (3) ﬂEiEJLlﬁ’JE}ﬂ'FI’ITI!’-]J’IiJWﬁlﬁldiﬁllﬂﬂﬂﬁﬁﬂﬂﬂ'ﬂ l‘é’i’liﬂ‘lﬂ’l'ﬂﬁ lﬂﬁ"l.l"].lﬂﬂ’li (4) IHIMTAIG

I L) I
=i ars =1

¥ T i 9.8 1q_ 119 ) ¥ =9 gy = =t
zAnaTants L lsioa: iinilededation 80% VBIGnNATNA NFUTMaazii

c:-  oor =t
11339 193U




M/M/1 Example 2

J = g -_9::1 :? 1
Model #uiuda ld31dly M1 ugduiiazmaus MM/, MMN, MIM/N/N)

116191

RouBummMIiAeIms 2 dafe A uas u

2 =10 audeda T u=60/5=12 AudeF 1l

MR p=ulA=5/6

(1) Silgndegluszuy 2 aundedesnt andfidunlnsaz 18R Kt
P{X <2]= P[0]+ P[1]+ P[2]]= (1/6)[1 +5/6+25/36] = 0.421
2) nnde (1) 5deams PLY >2]=1-P[X <2]=1-.421=.579
o, 5/6 5

— = 7Tu9 vie 25 Wil
u—A 12-10 12

@) W=

g



4.691ANTARIANUINN(FAINNUIRaU LT LT N1F)LNBA
Tuwidladnagnadas 80% wasenidiniIazlau

1
v a a

. FUYATUTNTIVOnUA = X 7

. fnsyuuati State x-1 a9u gn@ANTALENUN
TERA LIS

. 151629015 P[svuvati State < x-1]> 0.8
“3a P[State < x] > 0.8
sa 1-P[State > x] > 0.8
W3a P[State >x]< 0.2 nanfAa p* < 0.2
HEdealunsud asunisiidald Log




4.6UNANTHDIAATNIUINT(FoNNUIRRULEUZN9) i Naas
Tiuiladnadneias 80% wasgidnanaslas

W3a P[State >x] < 0.2 na1i@a p* < 0.2

{98 unisud asgun1siidaldl Log
Log(p*) > log(0.2)

Note:ilasanafinau fasnduiaiasniune
x logp =1log0.2

14 Natural Log(aux39azld Log s1uaylsa’le)
xlog5/6 = 1log0.2

X > —1.60944 — 88275

— —0.18232
L1 AAIAaLAILTUIIUIULAN LR




M/M/1 Example 3

! o o 1 g o 1 o= ar 4 ar
3. 145211 Network Y998 13N 1HUH 3119 11107151119 Network 990111 3 Subnet 'F"IJEEJJ 43 Network UDIF1UNITU

l!‘r’i’dﬁ suTuiinzdeaiinsdoean Internet FNU Router (3D A ISP 11829103 19 Network Tool 31 Internet

Traffic 41990 WU Network A 1/8@351 Packet LﬂEEIEI 300 pps(Packet Per Second), Network B G 11@55 500 pps /
8z Network C 18A3URAY 600 pps TRaianyaIz 151913993 Packet 51A15A52 9181111 Poisson H'Elﬂiﬂﬂ‘lilg’.l
Famuhanaueataaz Packet Juw1a Wusduou uaeninsalszana 1d1imsnsz 18101 Exponential 1ag]
ATIBTIREY 500 Octet, &18 Lease Line 15140324313 Router 11z ISP 318A51A11529 8 Mbps 118z Router 7
511197114 11T 2AY Wire-speed 29811280 (1) Link Utilization(Uplink) V94518 Lease Line (2) fi1 Delay il
A9 Uplink (3) angtigunsal Router i Quene AifiAnwansaifiy1Ande 10 Packet 2981149011 %

Packet Drop GIITSTREETRERTS Queue Overflow i qﬂ A3l Router
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To ISP

_ = ==

Network A Network B Network C

&

Q




M/M/1 Example 3

\

Y

o 1 1 =4 ar =t 1 = o ar
ﬁ»‘iLﬂ-%}’J"ILlﬁ’.ﬂ Output Speed 3zUDATIAINAD 8 Mbps LAUHIA Packet 11l Exponential Distribution @#34HH Service

M1neal

Time 32133 Exponential Distribution A

A =300+ 500+ 600 =1400 packet %iﬂ%ﬂ’lﬁ(pps}
~ 8,000,000

H= 500 <8 = 2000 packet 'ﬁﬁﬁu’l"ﬁ(pps}
1400 & | .p- .
1 p=-=07 t\flum1 Utilization uav Server/

2. Delay 1:1¥a3uann Packet tiinunaunseivaan'
puu N 1dannls T=1/(u-1) = 1/600 = 1.6667

3. Queue f12u1a 10 Packet sruiuadniiilon Serve
P[X>=10+1]1=0.701= 0.019773 =19773%




End of Chapter 6

e HW6 Due Monday Noon
— goMANTILVINITU AauLTias Funs 29 n.w.
— 1d@azns M6y Counter atNRIAAT
—aagzdsemaiuaalduu Web

e Next
— Random Number Generator
— Preparation for Midterm Exam




Topics

* Random Number and Properties

* Random Number Test

* Pseudo Random Number Generator
* MT Exam Preparation

A@‘
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Random Number

* Random Number ilu Set maomtawm
aimumu,unaasu(Random) waglidusa
U (Independent) 1aadfiA1n1snseans
(Distribution) ravnasmILay AN
ANUALUUTA LU

. LRULARYAINgNAzE a9 LA uduRus
AU nagau’ldannal Correlation




H5265 8525 Random Number

* Gambling

» Statistical Sampling

+ Simulation

* Cryptography

+ Computer Games

* Hash Algorithm/Searching Algorithm

A@‘

\




Random Number Generation

- Hluginsalitdifludiidagauasdia
Random 16adns
- True Random Number Generator(TRNG)

- Useznausiaalnsainie Physic nldAliasiian
- naglaannnuravaltiinaad Noise MAaAN

555U U6
- Thermal Noise/Shot Noise/Radioactive

- 12212 Roulette Wheel
- Pseudo Random Number Generator(PRNG)

- Computational Algorithm anaaun1Tng
D adindans TaaisuannelIa “Seed”

- finauanudiaudutilu Random weisi Period uay
fUN50ANUIURIINUIMUFUNTT LG




PRNG: Pseudo Random Number Generato
Linear Congruential Generator

* 13UAN "Seed”, X, uazAUIU Series
X1, X,, X3, ... AIAJUNT Recurrence

X411 = (aX,, + b)mod m

= a, buay miiu Integer Unfazfinunaluvg; INUIUKRUFIFO

AldighAuazgadtuaalIaal Modulus m

- Sequence laazfiA1senig [Om) vEa 0 < X <m

« Seed X,;0 <X, <m

+ Multiplier a; 0 <a<m

* Increment b;0 < b <m

- &1 b = 0 55an Multiplicative Congruential Generator #3a Lehmer
Generator fiagiuuaisntaan Mixed Congruential Generator

- ﬁ')L@‘llﬁvlﬂvﬁgflﬂﬁ’iﬂigﬁﬁﬂuﬂﬂ Uniform é16iagn1snisnssane

Sild1aU a”“l?j"ms Transformation

Algorithm fl3an LCG w3a Linear Congruential
Generator (Huiavidialunisaste PRN




Period of LCG

» Period ialdgegafa m t5an Full
Period
- u9nsalas lddanniniy duaddunisianan
'a’ uaglunsali b=0
+ Generator azdl Full Period Asalila
(Hull-Dobell Theorem)
- 1. b uag m 1ilu Relative Prime

- 2. a-1 agsavansanis laaanng factor
acilu@ prime 2ad m

1/




Parameters used

+ druluaiagled LCG N m fiaduniideaas
2 Nigninngana 232 ey 204

- MS Visual C++ T2 m=232,
a=214013,b=2531011

- MS Visual Basic 6 111 m=224,
a=1140671485,b=12820163

A@‘
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CRlas AFRILCG

- fidiafAadudaleadne Wl Series uav
Random Number niiaauguiifinailssuno
LiNTU 1wsglvian Serial Correlation &9

- TutmunzAun151in1d 28ty Monte Carlo
Simulation

- LivinngAunsinldldlu Cryptography

- U908 161199 Linear Feedback

Shift Register(LFSR)
- @195 eNEn Stream uav bit

niform Distributed PRNG




R
Linear Feedback Shift Registers (LFSRs)

 Efficient design for Test Pattern Generators &

Output Response Analyzers (also used in CRC)
— FFs plus a few XOR gates  External Feedback LFSR

— better than counter P —

+ fewer gates
* higher clock frequency if.—i
* Two types of LFSRs
— External Feedback Internal Feedback LFSR

— Internal Feedback
* higher clock frequency

 Characteristic polynomial .
— defined by XOR positions
— P(x)=x*+x3+x + 1 in both examples

-




PRNG so4t9 @&

* Blum Blum Shub
» Wichmann-Hill
* Multiply with Carry
* Mersenne Twister (UauuNngn)
» Park-Miller
- RC4
» Rule 30
Sy

\




Randomness Test

- Wau Pattern Tuza 13a Series UadAILRY

- g'limisazfiatduadiiauiilu Random way
Independent atingiiazg

- Talunisnaday wazidaauiiay Algorithm singe
Al2du&n PRNG Taaldlugiuain

- Statistical Test nagauNNAUINTANIIRAA
- Diehard Tests isenauaiaauas Test

+ TestUO1 library dsenaueae utilities &115u
statistical testing uad uniform RNG

- Transform aaaauiédia Transform
Hadamard Transform(Generalized FT)

- Complexity anuafudauuadfiLa
* Kolmogorov complexity



https://en.wikipedia.org/wiki/Software_library
https://en.wikipedia.org/wiki/Statistical_test
https://en.wikipedia.org/wiki/Statistical_test

Midterm Preparation

AU 35 tdasiue
13idin1s Make Up

gau 3 1109 unii 1-6

- Monday 7 March; 13:30 - 16:30
siavldiATavAnLa

- suauirazdsenainty vinuldadnsaldug
sun1sMadauazlviun Lisiagdn

unar 1 2ia 574 6 2ia 1aaniin 5 2ia
2ia 50 azuuu Aatilu 35 %




#r ER)
oy amhaula Ry (m) =" X(mY (1 +m)

ansital
) Zlobal Balance Equation:
g =cosx % jsinx . .
siny =1-(e” —e™) p, 2B, = 2.0,
i [ Y
cos(a =) =cosqcosh Fsinasind ) ' ) ’
Dietailed Balance Equation:
s1u'a+c05'a.=1 pB=ppP,
Fsin axdy = —= cosax
cf[:ﬂv;'l — v + udv II. Little*s Theorem
= 1 N =iT
>at=—— O<a<l ]
o] l-a JVQ = AW
2T .
N | _ M III. Poisson Distribution with Parameter m
k]ORN -B) -m o n 1
t W5 p, =2 w0 p= | Qs
T aNNANIN (N
i J k mean = variance = u
AxB= *3‘1 Az ;513 B IV. Exponential Distribution with Parameter ./
5 5 e o TUANSEAU M
Al adj A Density: p(7) = de ™"
|A| Mean: =1/ 4
dEt(A} = Z(_l};_:a].; d-f.‘ll::'l-___l-} (First Row Variance= 1/ 4’
=
Expansion) (a)  Utilization Factor (ﬁﬂﬂﬁamammﬁ Server Busy)
Characieriztic Equation |,Un - A| =0, A
o - pP=—
Eigenvector (A, —A)X =0 1%
Brobabilitv. EV. EP (b) Probability?‘lﬂzﬁ 1 customer Tu3zUY
- ENAVE "
PE, -.,A]=% p,=p"(1=p), n=0L..
\ (c) a"waum‘éﬂwa Customer 115211
__ PIEIF4\E]
" \ vl
> PIEJPIA\E)] N=f
= 1— 0
xt .
FX (1} — J‘ fX {I}d\' . (d) aneagsaad Customer 1“’&31]”
Jx ro_p __1
dF y () CAl-p) -4
frx)= - ‘ 1-p)
X . () §1WIUWRAUDI Customer U Queue
Binomiat: Pk]=| " |p*(1-p)"™* 2
\ K J Ng -~
D : o
Elg()]= | g(X)fr (x)ax @ naundsiideszaly Quene 199 Customer
-
‘ W = ’L_)

H—A



Review dlg@iggmatiaazl

* Chapter 1: Vector
- Magnitude/Direction/Unit Vector
- Direction Cosine
- Component Vector/Position Vector
- Dot/Cross Product and Properties
- Equation of Line and Plane, Angle of Vectors

* Chapter 2: Matrices
- Types of Matrices, Minor, Cofactor, Diagonal
- Determinant by Expansion
=3 verse of Matrix
Rank/Reduced Matrix (Process of Elimination)
Homogeneous/Non Homogeneous Linear Eq.




Review alg&lagatiaazl
» Chapter 3: Eigen Value/Vector/Diag

- Eigenvalues
- Eigenvectors
- Diagonalization
- Symmetric/Orthogonal Matrix
* Chapter 4: Probability
- Conditional Probability/Bayes Rule
- Random Variable
- CDF/PDF/PMF; Poisson/Exponential Distribution
=T pectation Concept
Mean, Mean Square, Variance
Joint Random Variable, Correlation/Covariance




Review dlg@iggmatiaazl

* Chapter 5: Random Process
- Stationary/Ergodic
- Autocorrelation/Cross Correlation
- Counting/Poisson Process/Birth and Death Process
- MarKov Model; Global Balanced Equation
- Simple MarKov Model; Detail Balanced Equation
* Chapter 6: Queuing System
- M/M/1 Concept
- Arrival Rate/Inter Arrival Time
par"rur'e Rate/Service Time
Utilization, P[X=k], P[X<=K]
Average Customer(System/Q), Time(System/Q)
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Today Topics

* Numerical Methods

+ Errors

+ Transcendental Function

- Series

- Power Series

» Taylor Series

- Maclaurin Series

* Function Approximation

- HW VII

- MT Exam and Cumulative Grades




Numerical Methods

© TuIMAAAFATTLIIBAUTINIUNT AU
Solution azisenaumdranIsAENNIT AITINDY
ANTLARUNITWALGLA A19KN Derivative A3
Integrate nsuAauns Differential
Equation saudivnsladimsaviianvadiaaans
\WawAgNn1s vdu Fourier Transform,
Laplace Transform w3a Z-Transform
nnTevnaMARINTuNTUATTYITLGEN
Analytical Method atnglsnay 1ilasn
gunsnngunsznIAInaL e (Naglusduay,
Explicit Form) auuisndntiynazsiasnniaau
°lumﬁug”ﬂmum HuAfaIdni1snizan Numerical
etho

) J




Numerical Methods

5815119 Numerical Auaaldfuun'launignis
Graphical Method waglduiunns
In’rerpola‘non weidlafinsdsedwsraniiinas
fuan Afinnsinaauiieasiainunlad uasuene
autaauasizidaantdusnanlninig
AMAFAIRAT AN15@N Algorithm waz3ignns
auldsunsu sruden1sitansiainnu
NaWR1a(Error Analysis) uwasansaienig
Convergence uag Complexity uav
Algorithm

= )



y=f(x)

Y=f(x)=2x3-4x2-7x+5

w1 (k) vadu £(0), f(-2), f(7) ve

wAENNTT F(x)=K agenn 1y wia x Avinli f(x) = 0

2000

1500

1000

S00

-500

-1000
-1500
-2000 -

-2500

Plot of y=f{x)=2x. 41 -7 u+5
T T 1







Quadratic Equation

Polynomial Degree = 1, Straight Line

- y = f(x) = mx+b; x = (y-b)/m

Polynomial Degree = 2
y = f(x) = ax?+bx+c

wAguAIsy = f(x) = 3 1 'le

- y' = f'(x) = ax?+bx+(c-3) = 0

- x = [-bxV(b2-4a(c-3))])/2a

Polynimial Degree = n, n > 2

- hifigunsiaanselunisun,

- w6l Algorithm Tu3guag Numerical Method

- Algorithm agiilu Iterative Method

- @Aanauaad Numerical Method agliiuaalszune

D Avavgneiasduisan 1u Iteration Agedu (Aruwdrauuduy) 61
Algorithm Converge




Iterative
Technique

Tisunsuay Converge
a1 e <e .

[ Start |

Iteration=0
Set e,
Init. Xo

:

[ITteration i]
Iteration += 1
Calculate x;

Estimate e,

Errore; < e,




Errors

- TunmaineaumItaasuanAlg
NIGIUALAAIRATUYU A6adtinTanau
INAARAULNITINIUAaIAaNTILAAT WIa
msmmmaumuaﬂﬂmﬁmsmmmﬂu
TUTUATULLRY Algorn“hm Al Tunns
Awalaaliiatasdruanlalaacd
Error \Anduiaua doazuiivlsiiuaag
Usetan@a Round- OFF Error way
Tryncation Error



Errors

* Round- Off Error iinainn1sifiy
aaulu Memory 2a9AauNIAATUY

s1duuIauay Memory 310H uas
TuagniIns1lviniuilsuidanasls 12u
Integer, Long Integer, Float, %52
Double

A@‘

\




Errors

+ Truncation Error ifa31a Algorithm
usaiEiis1vinanwaasar1uIon ui
iiluuAan15ilsesal 31n&un 159719
aalaa1aasiis1davn151a1Tae 1o
AN 25121228 wazis1 lvlaun
&UNITNIVAN AR TITVY

- A1TAIUI AL AVITNITUINAT Y AY
Infinite Terms dvaslan1ignsiav
AVUUABUNIUAATIZATIUI AT 164

=M 2160 L a Vi1 991V




Precision, Accuracy,
Significant Digit

é’oﬁuwﬁui‘]uﬁavm”aa%’h Error 1mdunnwa iy ey

walzaausu'lania'ly uumuaﬂﬂum'smmsmmmw

120911 Un@dauiazldldeunieianssuamansay

AvuaeIaa Significant Digit uazazaanliainul

Liuaunavaniauanagnuanvinavindy aoludiuay,

Significant Digit- 22UIUDAFITUIUNA AU IFIRUT
az1in' 1112 eaen9iiula

AN Accuracy BuNafInILRUNL Latdulda1lnaLAag
AuAtuANULIUIFIVIN LS weidI Precision innady
mLawm"l,mmuul,mwﬂauﬂummm"mu AItUAIUDY
Precision g ugiuairuiuuag Sugmflcan’r
Digit Mazsiavly uazmruag Error aztiludininue

) Accuracy AaveILa



A1sfivtiln

Precision = &1
Accuracy = 6N

Precision = GN
Accuracy = 6N

Precision = 6N
Accuracy = §v

Precision = gv
Accuracy = &9

©)

4‘ Accuracy 3aanna1 Error niAasc1idIvaLRdaaay Data AuA133

D M\ Precision ¥aannan Vvariance usa SD Aavnauuay Data



Significant Digits (Figures)

+ AaceANIANNINaTUNTAINUARND
Precision |
- waanamaariulauduaiI Y LREAUETN
oh) 1l |
- udugaaritaniiugiuaag s.f. 1erAIIAIUG
Taaldiasagniune ‘bar’

+ Examples
- 11.152 = 5 s.f.
- 0.00879 = 3 s.f.

- 000125600. = 6 s.f.
- 0123400000 = 7 s.f.
- WRAMYANNAAAY s.f. Aagluiunla 11ivin
8115 Round-Off L2y
- 456.389864 (6 s.f.) = 456.390
- 1287563.94 (3 s.f.) = 1290000




Error

AaATILaAEIINNATALLYIRSY
WudaArnuaa Accuracy
TRIN[R14Y!

- Absolute Error, E,

- Relative Error (%637n@A1339), e,

uanaALFII

- Estimated Error, e,
- Adszunauuayg Error (Relative Error)




Absolute Error

True Value = Approximation + Error

1ie

Error = E, = True Value - Approximation




Relative Error

Error ~ True Value - Approximation
e = 100 % = b
True Value True Value

x 100 %




Error Estimation

- Convergence
- Divergence
_ Approximate Error

Approximation
_ Present Approximation - Previous Approximation

e % 100 %

a

x 100 %

e

a

Present Approximation




Mean Square Error(MSE)

° ‘Ium'a'l,ﬂ%ﬂmﬁﬂummumnmos $INIAT
wriasuAuAIndssnarld dniunauuad
mamo muﬂau"l?jmmaﬂmao Error ‘Iu'sﬂmao
AadauadAnavaaduad Error Tuusiaza 3an
Mean Square Error

- m"l,‘m Y Lﬂummmasa u,auY Juafdseunanle
g1usuAuadnlating N fating

- A1 RMSE a1 Root Mean Square Error Aaan
Square Root uavmA1 MSE

1 N-1
RMSE = \/NZ(Yi—Yi)Z




Functions

- Wuanuduiusuang Set uag Input
ey Set wav Output

- Function &hu1saduan Input leviane Set
(araails)

- 115 Mapping tdunaLéen
- @1 Map nauaziilu 8n Function Miflu Inverse
Function AuaiLAu

« Tnverse a1z L& 11n5uu19 Function
X Y

) () mmp y-f(x)

x=f1(y) anag'ludl




Polynomial Functions

- tflusduuyvag Function Mdaiga

* Polynomial function Degree 'n’' azatilu
5U229(One Argument)

y=f(x)=ax"+a X" +---+ax* +ax+a,




Polynomial of degree 2:
AX)=x2-x-2

= (x+1)(x-2)

Polynomial of degree 3: /\
AX) = x3/4+3x2/4 - 3x/2 - 2 / \J

\~/ = 1/4 (x+4)(x+1)(x-2)
) | |'

Polynomial of degree 4: j
AX) = 1/14 (x+4)(x+1)(x-1)(x-3) + 0.5 [\ f,f""g |
| e T ||
/\ :lz i | :I"',I'. I'I:
\/ Polynomial of degree 5: ' \
Ax)=1/20 (X+4)(X+2)(X+1)(X—1)(X—3)+2 |
|
10 o Hx) Loo Ly
\ |
5 50 I’ \
\
0 > 0 M -
X 1@a1u1ain *
& http://en.wikipedia.org/wiki/Polynomial 50
|
_m—ﬁ 4 2 0 2 4 6 Taa a0 2
Polynomial of degree 7:
(%) = (x-3)(x-2)(x-1)(x)(x+1)(x*2)(x+3)

Polynomial of degree 6:
AX) = 1/30 (x+3.5)(x+2)(x+ D (x-1)(x-3)(x-4) + 2


http://en.wikipedia.org/wiki/File:Polynomialdeg2.svg
http://en.wikipedia.org/wiki/File:Polynomialdeg3.svg
http://en.wikipedia.org/wiki/File:Polynomialdeg4.svg
http://en.wikipedia.org/wiki/File:Polynomialdeg5.svg
http://en.wikipedia.org/wiki/File:Sextic_Graph.svg
http://en.wikipedia.org/wiki/File:Septic_graph.svg

Transcendental Function

+ 1flu Function 7'3il2 Algebraic

- Algebraic function @a Function & u156
fienu’ldann Root wavann1s Polynomial

» Transcendental Function liaunsa
Waulugi Solution uav Polynomial
- Exponential Function
- Logarithm
- Trigonometric Functions

* AIELUANAL N1TUAUAY Function
B eEmassiag i an1sdssunaaIunu

) AE
\




Transcendental Examples
fl(x) = X"
f,(x)=c”,c=0,1

f,(x)=x
f,(X)= x1

f-(x)=log.x,c#01
f. (X) =sin x




A15UszuNaLAad Function

. ludgiudlisnag Review 139
- Infinite Series
- Power Series
- Taylor Series
- Maclaurin Series
- Asdssnad1aaled Series

A@‘

\




Series way Infinite Series

+ Series AanasInuaItnanly Sequence Tu
nsgdluag Infinite Series fu wauiazsay
i nfuagLifnduge

- @ lviusazimanlu Sequence (lu a, 6ot
Series Aa a;+a,+as+... LUU

S=Ya,=a+a,+a;+

n=1

A@‘ NOTE: 119a59 Index 2129 Summation a133z3uii 0 A'le




Convergence of Series

- Series Ay Converge fAinatilaNasiuuag
Term gN150U1AN 16

- ARNMAANAIINAAILNANAUAY N 4 Limit

S = Za = lim S, = lim ZN:an
0

N —o0 N —>o0 =

» 61 Series 13 Converge 1uay Diverge




Power Series

- Power Series tilu Infinite Series u
sduav (c = Constant, a, = coefficient,
x \ilu Variable maﬂsam c)

f(x)=a,(x—c)"

- Power Series iddeyéia Taylor Series
+ Tunsain c=0 1n'la

f(x) =Zanxn =a, +a1x+a2x2 +a3x3 NI
n=0
Lfutunsalaad Maclaurin Series

"\

Ae?‘

\




Taylor Series/Maclaurin Series

- i f(x) 1flu Function N&usam
Derivative ‘laatingludinAnluaig
InalAadnY a 69lY Taylor Series uav
f(x) @a Power Series Tusiduav

f 1

f'(la) (x—a)+

f(a)+ T

@) (x-ay”

(3) o §(n)
2 f !(a)(X—a)s-l-'":Zf (a)(x_a)n

3

- Tunsaiin a = O y19IAILILIEIn Maclaurin
Series

t) =10+ @y, f7O o T70) ST F™) |

1! 2l 3 ~




9.2 Tavlor’'s Theorem

=l
NYENLUN

5 " ar 1 ! " o 3 1 i=l
1 Function f uazf1n + 1 Derivative uinuaasiuiln1maAaiioalur 9909 a uaz x dsiius1v94 Function 9

18 X annsauanaldlas

J"(a) A () 3 f‘"'( )
fx)=fla)+ flla)x—a)+—— y (x—a) +T(3‘i—ﬂ‘) +or——(x—a)" +
Tag R, (Fon Remainder uaz liitlaninhs
Tl - r)
R, =|"——" D (n)dt
I::I I -
$471904 Remainder ﬂ«iﬂm’m:ﬁnnmlwuiugﬂﬁﬁﬂﬂ Derivative Form %38 Lagrange Form A4%
Fo(E nel
=2 Z'(x—aqa
R, =1 ( )

= ==

a’ummwwgmﬂﬂuiuum Tavlor _.eneﬂraﬂ Tavlor's Formula JI:'EI"IINJ’JHR GENARFRIL ’Hﬁ TIfl 'Elﬂ"l‘ﬂ & i

Sy

104 f(X) fitanvazduy Polyunnnalﬂanaﬂﬁwmﬁﬁﬂ f11U94 Function ’h*ﬁmﬂ’umj TRamAMuA aunse

- _
v dszaina lannaunsves Polvnomial



—
N

ﬂ"l'iﬂwl“ﬂ'EIiIR.n DANITINTUNTT i'lwﬁﬂﬂ'ﬂcl“ﬂﬂ'laﬂﬂu']fuﬂﬂﬂ‘i 1I"I'EIJ.1-J‘I-J.E-J Error uﬂﬂ“rTiJ"Iﬁl‘E]Q Truncation Error ‘I"I!.'i"l

3
f'IEI"I:IiHlITI"ﬂ 7 ﬂﬂuuﬂ'la‘ﬁ’lﬁ"l“ﬂﬂﬂ Function B'I.l‘l-.l,EIE.ITIl-f’i'’I'F'I'ENI"I’I‘E Significant Digit !.Lﬂ]li’i'u “HI9T L‘]JHFI’J%].: T"I'ﬁ’i"l-!ﬁ']’lﬁ"l’“lﬂi

137meau Polynomial 113z 928189410 Desree 194 Polynomial 1182 Derivative Y84 Function 1190 a fidaald
a4 @ Tlugaves Function 31 jA1vaeiu uaz Derivative ¥ouiTu uazauyanod x, 51a1150 14 Tayler

~ v ~ -l=i 1 ] = = U L] [ '
Series 13231871994 Function N9A 14 nanfe X, TasfniuavuIaved step 7 = x,., — x, 1ideein9iu v
Zero — Order Approximation: f(x.;) = f(x;)

First — Order Approximation: f(x._)= f(x.)+ f'(x,)h
 Order Approximation - fix ) = : JS'(5) 5
Second — Order Approximation: f(x, )= f(x,)+ f'(x,)h+ . h
waz Taeii Ihsamnsadon

i (%)
n — Order Approximation: f(x.,) = f(x,)+ f'(x)h +%h2 +ot f—f'rf}h"
! 1!

TAgNA1 Remainder aunsauaas laily R, =
(n+1)!

-



Example 1

F(x)=f(a)+ f'(a)(x—a)+ ()(x a) + (3)( THED o P E)

" 3 (4)
170) o, T7(0) 5 T7°(0) (0
. 3! 41
Suppose f (x) =e*, f'(x)=e*,..., TP () =e* = M (0)=1
2 X3 4

X X 2 X
Wehave f(X)=e" =1+ X+ —4+—+—+..= ) —
o 21 3 4 kz(; k!

f(x)=f(0)+ f'(0)x+

Example find f(2) =e?

Second Order Approximat ion :e* ~1+ 2 +g =5

Forth Order Approximat ion :e® ~1+2+— 4 +—= : +E =7
2 6 24
Sixth Order Approximat ion :e* ~1+2 + 4+§ 16 32 EE — 7.356

2 6 24 120 720

4E|ghth Order Approximat ion : e° ~1+2+4+§ 16 32 64 128 20 =7.3873

2 6 24 120 720 5040 40320
Actual Value : e* = 7.389056099

D UnAnA1lsyunauag e2 §9 4 Significant Digit ‘l6w3a‘la




\

Example 2:

" (3) (4)
f(0=F(0)+ @yt Dy, Oy, T O e
2! 3! 4!
Suppose f (x) =sinx, f'(x) =cosx, f"(x) =—sinx, f'"(x) =—cosx, f ¥ =sin(x),...
3 5 7 o0 _ n
Wehavef(x)=sinx=O+x+O—X—+O+X—+O—X—+...:Z—( Y x 2+
3l 5| 7! (20 11)!

Example find f (0.5) =sin 0.5radian
Second Order Approximat ion :sin 0.5 =~ 0.5
0.5°

Forth Order Approximat ion :sin 05~ 0.5 - = = 0.47916667
: . 0.5° 0.5
Sixth Order Approximat ion :sin 05~ 0.5 - . + =0.47942708
3 5 7
Eighth Order Approximat ion :sin 05 ~ 0.5 - O'35| + O; E O'5| = 0.479425533

Actual Value : sin 05 =0.479425538

\
% UnAnIA1dszunaaag cos 0.5 §9 8 Significant Digit ‘lewaa‘la




Tay (Maclaur'ln) Series

=Z —1+x S +X +X +00; VX
~ 23 A

log(1—x) = —ZX?; ~1<x<1
n=1

log(1+x) = > (- 2 —1< x <1
— n

nx"; x| <1

1+x:i e MG L IX—3x2+ X -5 xt +-5 X <1
5 (L—2n)(nt)* (4n)

X X
XoMM = x - = —. X
3 5l
2 4
x> X
=1-—+——---; VX




MATLAB Program

- AzR18nA5LaU Function 1aald MATLAB

- fiau Function A5udn Vector x uagz Vectory
return z1 uay z2; x=-3:.1:3; y = -3:.1:3

- @A z1 = 2sin(x"2+y"2)/(x"2+y"2)
- AUIUAT Z2 = XSiNy-yCOoSX
- mesh (x,y,zl1), (x,y,z2), (x,z1), (y.z2) wag (z1,z2)
- Surf function, shading modes
- Contour plot

- @n3annsidau Function Tu MATLAB 1aeg
10 Tutorial 4-5




END OF WEEK 10

- Download HW 7

* Next Week Chapter 9: Zeros of
Functions

A@‘



MATLAB Program

function [z1,z2]=test(x.y)

% function [z1,z2]=test(x,y)
% Test matlab program calculate z1=f(x,y)=sin(x"2+y"2)/(x"2+y”"2)
% and z2=f(x,y)=xsiny-ysinx

n=length(x);
m=length(y):
zl=zeros(n,m);
z2=zeros(n,m);
fori=1:n
for j= 1I:m
t=x(i)"2+y(j)"2;
if (t~=0)
z1(i,j)=sin(1)/t;
else
z1(i,§)=1;
end
22(i,j)=x(i)*sin(y(}))-y(§) *cos(x(i)):
end




MATLAB Program

» function view2(x,y,z,az)

- mesh(x,y,z);

- view(0,a2);

* fori=0:10:360
view(i,az);
pause(0.05);

* end

"\

A@‘




MATLAB Program

- function view3(az)

- view(0,a2);

* fori=0:10:360
view(i,az);
pause(0.05);

* end

"\

A@‘
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Today Topics

* Roots of Equation

* Bracketing Method
- Bisection Method
- False Position Method

» Open Method
- Simple One-Point Iteration
- Newton-Ralphson Method
- Secant Method

- Multiple Roots Problem
- Modified Method




Roots of Equations

R S a v < . _
Tuunills1zAnw Algorithm N1¥11N139113710 139 Root Y93 Function 1A8113192N@121R%1 Function 1
o 4 o 1 --_9‘,:I &4 a Qs o al
Usznoudeniadulsniniy Fateuldlugdves y = f(x) 1az31nv93 Function £(x) a13138%1 1da1nmsud
aums f(x)=0

1
= wr

s a4 ey e o 42w yyoa . TR
1*13?]]11*]']1‘3Flﬂf'l.lﬂﬂﬁilﬂ"lfiﬂ1ﬂﬂ¥ﬂ1ﬂlﬂﬂﬂq THHIAD LAz 199233 N1 lﬂﬁaﬁ]ﬂl&lﬂﬂ Multiple Roots 88143 lf&ﬂ

[ =2 j:! af :%I = | s =1 I.:%I o O | = L 1= =
FI3l 114ﬂ1§ﬁi1°&l151]14'§5]ﬂ1~! 13 WﬂEﬁMHNFﬂ Root ﬂﬂ'ﬂ’]'ﬂ EllﬂFIth"‘ﬁFlﬂH Y AW Wﬂlﬁ]ﬂﬁ%’ﬂi TN 1R B3 ﬂg?’]ﬂﬂﬂfﬂ%ﬂﬂ(ﬂﬁ

1
=i

1 0 = i ) ar oo =1 1 e
szinavessInvesaunsa13ns o 14 1aens Plot Graph wazaiidia lsidu £ (x) daduuny x vidaliawin

o
L)




Zeroes of Functions

+ finnua Function y=f(x)
- Zeroes 129 Function AaA1aad x Nvinluw
f(x)=0 n3aa@1 y=0
- Aasn(root) wavaun1s f(x)=0 fuLay
* ALY y=x3-2x%+x-5
- &un13 Polynomial, degree = 3
- a1LAY Quadratic (Degree = 2) A1sKi19N
agvin'ladenn, 14f38n19 Analytic Method
TaeR59 Llau y=Ax2+Bx+C=0
 —b++/b?—4ac
2a

"\

A@‘

\

X




Zeroes of Functions

* ALY y=x3-2x%+x-5
- 38119 Numerical Astaasauuniuian
\Agiag Aa Plot Graph uasrinsnuay
&uN1531n Graph
- 1. weEaslvianinenuy
- 2. asdiiflu Complex Root azun'lii'le’ a1n
Graph




Zeroes of Functions
y=x3-2x°+x-5

LU s S A K I R R A I

A0

-A00

-100

-150

-200




Zeroes of Functions
y=x3-2x°+x-5

T T T T T T T

A0

e e o e e
el 24334 ]

L S 2167+ ;1 AET
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Roots of Equation
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Methods
* Bracketing Method

- Bisection
- False Position

* Open Method

- Simple one-point Iteration
- Newton-Ralphson
- Secant Method
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Bracketing Method
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Bracketing Method
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Bracketing Method:Bisection
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Bracketing Method
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Bracketing Method:Bisection

Algorithm:
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Bracketing Method:Bisection
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Bracketing Method:Bisection
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Bracketing Method: Bisection %

¥
Fanan £(12) £(16) < 0 uazfnpusmuied Error 731/ 18A101519(A1 ¢, AM01210A1 True Value)

Iteration X, X, X, € | % ‘E}‘ %
1 12 16 14 5.279
2 14 16 15 6.667 1.487
3 14 15 14.5 3.448 1.896
4 14.5 15 14.75 1.695 0.204
5 14.75 15 14.875 0.840 0.641
6 14.75 14.875 14.8125 0.422 0.219
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Example 7.2: 1106106136 7£(¢) = 201 — & /™"~y = 0 Iffazanald False-Position Method #1113
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x, =12, x,=10

u

[teration 1:

x, =12, x =16

u

f(x)=6.0669, f(x,)=-2.2688

. g —22688012-16) _
v 6.0669 — (—2.2688)

149113, e =0.89%

[teration 2:

Fx)f(x)=—15426=>x, =x, =14.9113




False-Position Method

x, =12, x,=149113

£(x)=6.0669, f(x,)=-0.2543

~0.2543(12 -14.9113
v 2140113 02BN o0 o —0.00%. e, =0.79%
6.0669 — (—0.2543)
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False-Position Method ?\

Example 7.3: 331580U5180M1331197409975 Bisection Method !@% False-Position Method 1101351113 10994

auns £ (x) = x'° —1 g Root ivzmiiatadszridn [0,1.3]

3
o | =1 A ar =t
T84 Bisection Method 3z &@31i1lum313 186 a1l

[teration X, X, X, ‘{?I ‘ % €, |, %
1 0 1.3 0.65 35 100.0
2 0.65 1.3 0.975 2.5 33.3
3 0.975 1.3 1.1375 13.8 14.3
4 0.975 1.1375 1.05625 5.6 7.7
5 0.975 1.05625 1.015625 1.6 4.0

o g o -=':. 1 = )
ﬁﬂLﬂ@ﬂﬂFﬂ 139711 Iteration 11 5 11 Error 3% ﬁﬂﬂdhli]ﬂﬂ 2%
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15994 False-Position Method 3z @3 1ilums19ladsi

Iteration X X, X, ‘E?I ‘ % €, %
1 0 1.3 0.09430 90.6 /
2 0.09430 1.3 0.18176 81.8 48.1
3 0.18176 1.3 0.26287 73.7 309
4 0.26287 1.3 0.33811 66.2 22.3
3 0.33811 1.3 0.40788 59.2 17.1
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Open Method:
Simple One-Point Iteration
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Open Method:
Simple One-Point Iteration
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Open Method:
Simple One-Point Iteration

q —-x
Example 7.4: 1y Simple One-Point Iteration W13 1NUBITUNT f(*f) =e ' —x

Sotution: A5 HTi5 W enaums nidall x = ™ uasfmiue x, =0 9I0¥I31 Treration
Iteration X; ‘er‘._ % €, |, %
0 0 100
1 1.000000 76.3 100.0
2 0.367879 35.1 171.8
3 0.692201 22.1 46.9
4 0.500473 11.8 38.3
5 0.606244 6.89 17.4
6 0.545396 3.83 11.2

7 0.579612 2.20 5.90




Open Method:
Simple One-Point Iteration

Iteration X, ‘Er‘- % e, |, %
8 0.560115 1.24 3.48
9 0.571143 0.705 1.93
10 0.564879 0.399 1.11

TagA 123 3UD 1 Root 71D 0.56714329

o 1 -=: ak 1 =1 y =1 o 1 o
F9na717 Error 1118 11uelaz Iteration 9211111)5231% 50-60% $iaeuUn D Iteration AU taz 1suniuaz
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Example 7.3: 14 Simple One-Point Iteration W13 1NUDITAUNTI f(r) —e " —x/4

# # ¥
Solution: 1uA3 AT WIBUaNNT INAIN x =4e™™ uazmyiua x, = 0 917U Tteration

Iteration X; |€r“- % e, %
0 0 100
1 4 232.7322 100.0
2 0733 93.9058 5.3598e+003
3 3.7174 209.2270 98.0292
4 0.0972 91.9158 3.7251e+003
5 3.6296 2019171 97.3224
6 0.1061 91.1732 3.3205e+003
7 3.5973 199.2339 97.0502
8 0.1096 90.8839 3.1825e+003
9 3.5848 198.1948 96.9429
10 0.1110 90.7693 3.1305e+003

26261 3.5766 197.5121 96.8718

26262 0.1119 90.6392 3.0967e+003




Open Method:
Simple One-Point Iteration
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Open Method:
Newton-Ralphson Method
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Open Method:
Newton-Ralphson Method
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Open Method:
Newton-Ralphson Method
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Open Method:
Newton-Ralphson Method

q ¥ ) -
Example 7.6: 2119n351795U94 Newton-Ralphson W13 1MU23aUN5 € f—x
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Open Method:
Newton-Ralphson Method

Iteration X; ‘E} ‘ %
0 0 100
1 0.500000000 11.8
2 0.566311003 0.147
3 0.567143165 0.0000220
4 0.567143290 < 10‘5
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Open Method:
Secant Method
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Open Method:
Secant Method

f'(x) = ACTE) : xf_(x")
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Open Method:
Secant Method
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Multiple Roots

Multiple Root 3211]43A1 Function d1IA@AULAY X Na1IABA1 Slope 31T UgUE 8nAID e U a3

f(x)=x" =5x"+7x-3=(x=3)(x=D(x-1)

¥
lun3aiaruiitz1Na17791 Function 3 Double Root 1 x =1 331
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Multiple Roots

=i o @ Yok :: 1 =N y
381199 Multiple Root 931111175993 Numerical Method Nina 11 Aailaysii 1 da1n

Function 1i3M3u/asun3oisngfignued Root

1
=

-='?.'ll 1 o o A 1 1 o o q V= L
1. Nyad wann £ (x) azmn guduad m £ (x) azmnugudale vz linailayyinly Newton-Ralphson
1 = g a1 = 1
Method 18z Secant Method 8813 151ey f(x) azidnlnagudnau f'(x) myauazis1annsaazineg i
= = 1 1 =t = @ 1 -
103 llsunsaipazastadeun £ (x) uazviga ldsunsunaunm £'(x) axdugud geazai i [sunsy

(NA “Divide by Zero Overflow”

lunsdiaeg Multiple Root 75U09 Newt on-Ralphson 181z Secant Method 9% 1IN13 Conver ze 1111 Linear UNH N2z

= ot 1= et =i o P .l q V= G 1
114 Quadratic I5MILNNHA1875 Nuiz11A9 75911610 [A8 Ralston and Rabinowitz(1978) 1agn13 11111613 Function 1411

.t
AU




Multiple Roots

u(x) = AC) uaz u'(x) = S (/' (x) _fg-‘f)f”(x)
AC) /()]
uaz a3 lunidii Tteration 131

~u(x,)

X, — X,
i+1 i “,(xf)

-1 aa: o
daiu 1

BN (A VACY.
G @)

TH Algorithm 1J’I~i‘f|_l‘|-H]vL1J11! Quadratic Convergence “LH Simple Root LAz Multiple Root LL# A9z 1¥nsfuaa

(Modified Newton-Ralphson Method)

1INNNIEM3UNAVD 3 Newton-Ralphson §1%5ULAAz Tteration




Multiple Roots \

Example 7.7: w3aumney Newton-Ralphson U8z Modified Newton-Ralphson lun5 8991541 Root U9
f(x)=x"=5x"4+7x-3

Solution:
'(x)=3x"-10x+7
f"(x)=6x-10

. 2 y X, —5x7+7x, -3
41113114 Newton-Ralphson: X, , = X, ———
3x; —10x, +7

Uazd 1171 Modified Newton-Ralphson Method L3 114

| (x] =5x7 +7x, —3)(3x; —10x, +7)
Modified Newton-Ralphson: X, , = X

" (a7 —10x,+7)" —(x] = 5x] + 7x, —3)(6x, —10)

4 3 o ar .
lﬂ’é] Run Iteration L‘I‘J”Ii]fl*ﬁl‘f'ﬂ'ﬁlﬂ‘].l*ﬂd@ﬂi IEEIRGGRE (.Tﬂ = U}
N



Multiple Roots

Normal Newton-Ralphson:

Iteration X; ‘E?I ‘ %
0 0 100
1 0.428571429 57
2 0.685714286 31
3 0.832865400 17
4 0.913328983 8.7
5 0.955783293 4.4
6 0.977655101 2.2




Multiple Roots

Modified Newton-Ralphson:

Iteration X; |.£?r ‘ %
0 0 100
| 1.105263158 22
2 1.003081664 0.31
3 1.000002382 0.00024

AU 1518115915015975903 Secant Method T1F1IAIAY TaaldM3 Estimate Y84 Function 2(x) uaz

o
u'(x) wilunsaisiaz linaiag




Comparison

|| 1
=1 g oy

o = o e [ o = o ._' o
7113%1 Root U84 Function WuFasd Ay d mivian: lumsuniasimuadiamaas tiasanmaunilymiy
=

L

1 o ol =i ar q Plowac
Analytical Method lsieninsanszii 1anansal 151397131 1975119 Numerical Method

¥
o =l o o =2 =£ o -] s
11311173119 Numerical Method 9¥A93/A111494 Error 1 ud 178U 149 Truncation Error 181z Round Off Error
3' 3' ] ] ]
= 9 o o = = Y o oo 2 =l A o q ¥ = = =
UDNINUUAIIZADIAITININT Convergence VDI Algorithm A8 AINUMII@DNNTTINTNIXIIN Az uF ATz

==t

= = o oA Y 1 = =t Y o=y = 1
‘I*I"lﬂ‘ﬁﬂﬂlﬂﬂﬁ]ﬂﬂlllﬁﬂ @l]‘ﬁ’lﬂ*ﬂ’l»ﬂﬁ]ﬂlﬂﬂ@ﬂﬂHﬁ‘%ﬂ“ﬂﬁ]ﬂﬂﬂﬂﬂﬁ HAzUaAUDLFaUDILLANZIE




Method I],lltlal ] Rate of Stability Accuracy Brfa.dth'of Program Comments
Guest Convergence Application
Direct - - - - Very -
Limited
Graphical - - - Poor (General - May Take
Much Time
Bisection 2 Slow Always Good General Easy
Converges
False 2 Medium Always Good General Easy
Position Converges
One-Point 1 Slow May Not Good General Easy
Iteration Converge
Newton- 1 Fast May Not Good Limited if Easy Requires
Ralphson Converge f'(x) =0 Evaluation of
J'(x)
Modified 1 Fast for May Not Good Specifically Easy Requires
Newton- Multiple Roots, Converge Designed for Evaluation of
Ralphson Medium for Multiple f'(x) and
Single Roots Roots f' ' (T)
Secant 2 Medium to May Not Good General Easy Initial Guesses

Fast

Converge

Do Not Have
to Bracket The

Roots



Errors and

Graphical _
Method Formulation Interpretation Stopping Criterla
EBracketing methods:
N X Xy fUx) & . N
Bisection Xe = > roort ‘ Stopping criterion:
H - 1,.,,.21......,....",.,.,
H fAx)fix) < 0, xy = X, * £ T x xnew _  aid
—— i d — |100% = ¢
fxdfixd = 0, x; = x, L/2 rew | €
. r
-
Lia
Six) &
fi Xp — X, -
Ax) — Hfxy)
i xncw _ xm’d
If f{x)f{x) << O, xu = Xr ————— [100% = ¢
flx)flx) = 0, ;i = x, " .’
Open methods:
MNewton-Raphson fix) & Stopping criterion:
fxi) Xit1 — X
X = X — r(x) X 100% = &,
Errar; Ej¢y = G[E,-zjl
Secant Fix) & Stopping criterion:
i fXd X1 — Xi) Xivt = Xi| o0 =
T T ke — fxg a0l -




Homework 8

- InAnsadLdauTlsunsuaadIuIa
wialyd Spreadsheet (MS Excel) 2178
AU

- wuzinlvitd MATLAB
- 1deau Function #9a Scratch File A'lg
- WA wINaNn Workspace 1086059

- Download Ara1uuazanauAIaN
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Mathematics I1

Week 12
Part III, Chapter 10
Linear Equations %
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Today(Week 13) Topics

* Chapter 9 Linear Equations
- Gauss Elimination
- Gauss-Jordan
- Gauss-Seidel
- LU Decomposition
- Crout Decomposition

+ HW(9) Ch 9 Due Next Week

;‘@‘

\




MATLAB Programming

e L5N&UTALAYN Function nsAuIalaaly MA

Editor waziiuvintiuy *.m’ File

— duifuwWausavuag Function s

function [List 2avANAdeAu]=Ffname(List 2av Parameter

function [x,y,z]=find123(a,b,c)

— malu Function & unsala Loop, Branch letniiaunis
Lﬁﬂliiﬂil,l,ﬂiu, gu1sanvium Local Variable anatlu'le
L2auUAY

— asndu71 Augiu Variable agiflu Matrix

« Function f&unsazanldonulaluy MATLAB

asgRzLaaa Tty Tutorial 4-5 229 MATLAB
=L

B




Qa

EX: A191nURA9 f(X) =sin 3x-e “* +cos2x-e "
\J

e x=-10:.1:10;
e y=siIn(3*x).*exp(-cos(x))+cos(2*x) .*exp(-sin(x));
e plot(X,y)

1 1 1 1 1 1 1 1 1
' ' ' ' ' ' ' ' '
' ' ' ' ' ' ' ' '
I = Uy UL [ AUt SOy JPUUpUPUPRPRPUPR NURE 2 N S SURURPUPRPRPUPL PR S S -
1 1 1 1 1 1 1 1 1
' ' ' ' ' ' ' ' '
' ' ' ' ' ' ' ' '
1 1 1 1 1 1 1 1 1
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' v i d b ' 0 i '
' ' ' ' ' ' ' ' '
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
' ' ' ' ' ' ' ' '
15_ _____________________________________________________________________________ —]
- 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
' ' ' ' ' ' ' '
' ' ' ' ' ' ' '
1 1 1 1 1 1 1 1
T U . Tt UL NpUpUpUpUpUPUpU B EPUN [ SR UpUPUUPUPUPL PN PR _
' ' ' ' ' '
' ' ' ' ' ' '
1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
' ' ' ' ' ' ' ' '
I e S et L s | S o e R R S el L s FE —
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
' ' ' ' ' ' ' ' '
' ' ' ' ' ' ' ' '
|:|__ __________________________________________ [} A, T TN SN A RN JY SN —
1 1 1 1 1 1 1 1 1
' ' ' ' ' ' ' ' '
' ' ' ' ' ' ' ' '
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
_|:|5—- ---------------------------------------------------------------------- —
- L} 1 1 1 L} L} 1 L}
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
' ' ' ' ' ' ' '
' ' ' ' ' ' ' ' '
-1 — - - r-——-——""°a~"~"-"|--"-"~"-~-"7~-"~"~"-"r~-"fr"r-"""F-"°Q9-"~"=""--"~""r-----F- ------r-r---"-"-"r--r-"~-"~"=-"-"raj------
1 1 1 1 1 1 1 1 1
' ' ' ' ' ' ' '
' ' ' b ' ' '
L} 1 1 1 1 1 1
_"I 5_ __________________________________________ [T YN T N A S J
a v v | h ' T v '

: B i i i i i i i i i
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X =0. 95774795776341
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MATLAB: Bisection Mtd.

function [x]=example9la(es)
% Calculate using Bisection Method between [O0,2]
ea = iInf;
Xr = Inf;
1t=0;
x1=0;
Xu=2;
whille(ea > es)
It = 1t+1;
PXr=Xr;
xXI=sin(3*xl) . *exp(-cos(x1))+cos(2*xl) . *exp(-sin(xl));
Txu=sin(3*xu) . *exp(-cos(xu))+cos(2*xu) . *exp(-sin(xu));
xr=(xl+xu)/2;
Xr=sin(3*xr) . *exp(-cos(xr))+cos(2*xr) . *exp(-sin(xr));
ea = abs((Xr-pxr)/xr)*100;
x=[1t xI fxI xu fxu xr fxr ea]
iIT(FxI*fxr > 0.0)
x1=xr;
elseif (fxI*fxr < 0.0)
XU=XF;
else
ea=0.0;

end
end




Bisection Results:>> example91a(0.01)

Iter
x= 1.0000
x= 2.0000
x = 3.0000
x= 40000
x = 5.0000
x= 6.0000
x = 7.0000
x = 8.0000
x= 9.0000
x = 10.0000
x = 11.0000
x = 12.0000
x = 13.0000
x = 14.0000
x = 15.0000

ans =

x|

O 1.0000 2.0000 -0.6869

0
0.5000
0.7500
0.8750
0.9375
0.9375
0.9531
0.9531
0.9570
0.9570
0.9570
0.9575
0.9575
0.9576

fxl

xu fxu

Xr

fxr ea

1.0000 -0.0972 Inf

1.0000 1.0000 -0.0972 0.5000 0.7493 100.0000
1.0000 -0.0972 0.7500 0.4101 33.3333

0.7493
0.4101
0.1774
0.0451
0.0451
0.0104
0.0104
0.0016
0.0016
0.0016
0.0005
0.0005
0.0002

1.0000 -0.0972
1.0000 -0.0972
1.0000 -0.0972
0.9688 -0.0249
0.9688 -0.0249
0.9609 -0.0072
0.9609 -0.0072
0.9590 -0.0028
0.9580 -0.0006
0.9580 -0.0006
0.9578 -0.0000
0.9578 -0.0000

0.8750
0.9375
0.9688
0.9531
0.9609
0.9570
0.9590
0.9580
0.9575

0.9578
0.9576
0.9577

0.1774 14.2857
0.0451 6.6667
-0.0249 3.2258

0.0104 1.6393
-0.0072 0.8130
0.0016 0.4082
-0.0028 0.2037
-0.0006 0.1019
0.0005 0.0510
-0.0000 0.0255
0.0002 0.0127
0.0001 0.0064

15.00000000000000 0.95776367187500 -0.00003535871565 0.95770263671875
0.00023929892750 0.95770263671875 0.00010197464576 0.00637308010962

x =0.95774795776341
True error = 0.004732%



Other Results: xt= 0.95774795776341

* ES - 0.0lo/o
- I+ =15;xr=0.95770263671875
- Ea=0.006373%, et = 0.004732%
+ Es=Es= O.OO].O/O
- I+ =18;xr=0.95774078369141
- Ea=0.0007966%, et = 0.0007491%
* ES - OOOO].O/O
- It = 21;xr=0.95774745941162
- Ea=0.00009957%, et = 0.00005203%
»+ Es = 0.000001%
- It = 28;xr=0.95774795860052
- Ea=0.0000007779%, et = 8.740e-008%




MATLAB: False-Position

function [x]=example9lb(es)
% Calculate using False-Position Method between [O,2]
ea = inf;
xXr = inf;
1t=0;
x1=0;
Xu=2;
whille(ea > es)
It = 1t+1;
PXI=Xr;
xXI=sin(3*xl) . *exp(-cos(x1))+cos(2*xl) . *exp(-sin(xl));
Txu=sin(3*xu) . *exp(-cos(xu))+cos(2*xu) . *exp(-sin(xu));
% xr=(xl+xu)/2;
Xr=xu-((fxu*(xl-xu))/(fx1-fxu));
Xr=sin(3*xr) . *exp(-cos(xr))+cos(2*xr) . *exp(-sin(xr));
ea = abs((Xr-pxr)/xr)*100;
x=[1t xI fxI xu fxu xr fxr ea]
iIT(FxI*fxr > 0.0)
x1=xr;
elseif (fxI*fxr < 0.0)
XU=XF;
else
ea=0.0;

end
end




FP Results:>> example91b(0.01)

Iter xl fxl xu fxu xr fxr ea

x = 10000 O 10000 2.0000 -0.6869 11856 -0.5611 Inf

x = 2.0000 O 10000 11856 -0.5611 0.7595 0.3940 56.1096
x= 3.0000 0.7595 0.3940 11856 -0.5611 0.9353 0.0500 18.7964
x= 40000 009353 0.0500 11856 -0.5611 0.9557 0.0045 2.1423
x= 5.0000 009557 0.0045 11856 -0.5611 0.9576 0.0004 0.1922
x= 6.0000 009576 0.0004 11856 -0.5611 0.9577 0.0000 0.0166
x= 7.0000 09577 0.0000 11856 -0.5611 0.9577 0.0000 0.0014

ans =

7.00000000000000 0.95773289766706 0.00003388653487 1.18559512875289
-0.56109590391892 0.95774665822935 0.00000292408716 0.00143676432376

x =0.95774795776341
True error = 0.0001357 %




Other Results: x,= 0.95774795776341

f1i3uldann Bisection Method

fuden'l6ann False-Position Method

ES = O.O].Q/o

- Tt =15;xr=0.95770263671875 Ea=0.006373%, et = 0.004732%

- It = 7:xr=0.95774665822935 Ea=0.001437%, et = 0.0001357%

Es = Es = 0.001%

- Tt =18;xr=0.95774078369141 Ea=0.0007966%, et = 0.0007491%
- Tt = 8;xr=0.95774784562942 Ea=0.0001240%, et = 0.00001171%
ES = OOOO].O/O

- It =21;xr=0.95774745941162 Ea=0.00009957%, et = 0.00005203%
- It =9;xr=0.95774794808763 Ea=0.00001070%, et = 0.000001010%
Es = 0.000001%

- It =28;xr=0.95774795860052 Ea=0.0000007779%, et = 8.740e-0087%
- It =10;xr=0.95774795692851 Ea=0.0000009231%, et = 8.717e-008%




Newton-Ralphson Method

—sin x

f(x)=sin3x-e ™ +cos2x-e
. e exa SIN3X e " nx COS2X
f'(x)=sin3x-d +e +C€0s2X-d +e"d
dx dx dx dx

=sin3x-e % .sinx+e "% .3c0s3x + cos2x-e " *(—cosx) + " - (=2sin 2x)
= e *[sin3xsin X + 3c0s3x] —e " *[cos 2xCOoS X + 25in 2X]
)

i+1 i fl

(%)

.y sin 3x. -e" % +cos2x -e "

T @™ sin 3x; sin X, +3c053x,]—e " [cos 2x. COS X + 2sin 2x;]




MATLAB Program:

e Tfunction [x]=example9lc(es,x0)

% Calculate solution using Newton-Ralphson, xO=initial;

1t=0;

X1=X0;

ea=inf;

while (ea > es)
It = 1t+1;

xi=sin(3*xi)*exp(-cos(xi))+cos(2*xi)*exp(-sin(xi));

dfxi=exp(-cos(xX1))*(sin(3*x1)*sin(xi1)+3*cos(3*x1)). ..
—exp(-sin(xi1))*(cos(2*x1)*cos(X1)+2*sin(2*x1));

pX1=X1;

xXi=px1-fx1/dfxi;

ea=abs((X1-px1)/xi1)*100;

x=[1t pxi fxi dfxi xi ea]




Result: ea=0.01, x,=?

Xo=0 1dsunsuaz Converge nFanauauadne
Xo=2 1dsunsuaz Converge Lﬁ”ﬁ@iamﬁumumw
7Ll

" Xo = 0.5 vi%a 1.5 Tdsunsuag Converge 120
AR HRINITALNITIALLINA
HullldAsdananitulsunsa'la Converge

mmaa;’hj Bisection Method ﬂautwamam

X, N6 Antiusaca Newton-Ralphson Ralu
lad1nauatngTIng?
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Qa

EX: A191nURA9 f(X) =sin 3x-e “* +cos2x-e "
\J

e x=-10:.1:10;
e y=siIn(3*x).*exp(-cos(x))+cos(2*x) .*exp(-sin(x));
e plot(X,y)

nAsaltdan x, = 0




Result: x,=0.5, es = 0.01

Tter Xi fxi dfxi xi+1 ea

x= 10000 0.5000 0.7493 -1.0485 1.2146 58.8351

x= 20000 12146 -0.6362 -2.5824 09683 25.4413
x= 3.0000 09683 -0.0238 -2.2755 0.9578 1.0939
x= 40000 009578 -0.0001 -2.2502 0.9577 0.0061

x= 4 0.95780651884294 -0.00013177280 -2.2502485811135
0.95774795962033 0.00611426231998

x =0.95774795776341
True error = 0.0000001939 %




Result: x,=0.5, es = 0.000001

Tter Xi fxi dfxi xi+1 ea

x= 10000 0.5000 0.7493 -1.0485 1.2146 58.8351

x= 2.0000 12146 -0.6362 -2.5824 0.9683 25.4413
x= 3.0000 09683 -0.0238 -2.2755 0.9578 1.0939
x= 40000 0.9578 -0.0001 -2.2502 0.9577 0.0061
x= 5b.0000 09577 -0.0000 -2.2501 0.9577 0.0000

= 5 0.95774795962033 -0.00000000417826 -
.2b010587635298 0.95774795776341 0.00000019388349

x =0.95774795776341
True error = 0.000000000000000 %

X
2




Compare : xt =0.95774795776341

Es = 0.01%
- It =15;xr=0.95770263671875 Ea=0.006373%, et = 0.004732%
- It =7;xr=0.95774665822935 Ea=0.001437%, et = 0.0001357%
- It =4;xi= 0.95774795962033 Ea=0.006114%, et = 0.0000001939 %
ES = ES = O.OO].O/O
- It =18;xr=0.95774078369141 Ea=0.0007966%, et = 0.0007491%
- It =8;xr=0.95774784562942 Ea=0.0001240%, et = 0.00001171%
- It =5;xi=0.95774795776341 Ea=0.0000001939%, et < 1.0e-15 %
Es = 0.0001%
- It =21;xr=0.95774745941162 Ea=0.00009957%, et = 0.00005203%
- It =9;xr=0.95774794808763 Ea=0.00001070%, et = 0.000001010%
- It =5;xi=0.95774795776341 Ea=0.0000001939%, et < 1.0e-15 %
Es = 0.000001%
- It =28;xr=0.95774795860052 Ea=0.0000007779%, et = 8.740e-008%
- It =10;xr=0.95774795692851 Ea=0.0000009231%, et = 8.717e-008%
- It =5;xi=0.95774795776341 Ea=0.0000001939%, et < 1.0e-15 %

vWelg 5 iteration 38uag Newton-Ralphson
14 Error Yiaaau Double Precision Ja'lai'le
uaaliafaan x, azsadtdanliie




Chapter 10: System of
Linear Eq.

- 3z Limit atfiaun1s AX=B Taa A 1flu Square
Matrix

- N &un15 N Unknown
- azfidmaui Unique
- dmavaziilenawia A il Singular
* Determinant 1aivvindu 0
+ A ¥ Inverse la uwaz X = AIB
- lunsdli Determinant A Tnague we'laileigue
A1nauae Sensitive AU Error AnsAulauLiiaiinig
HaLAY L6 ITEIY
- Asaidl 1i:3aninduilu ‘TI-Conditioned System’




System of Linear Equations

— \
Ay Xy TApXy +r0+a,,X, =C) | dy Ay a4y, |X G
|G Gy v Gy | X | G AX = C
_ﬂnl nn? nrm ] _Tn _ _Cn ]

a1 +E?HEI3 +--+a X —C,

meR




Krammer's Rule




Solution wes AX=C

» ATAX=AIC

» X=AIC

» Inverse wn'laenn wiaglad Computer
A twsigtilu O(n%)

A@‘

\




Solution by Elimination

acl 4 I| 1 v Y |
7815 Elimination 194 Unknown 85811503101 1”]?1?]1 !ijbnknown NN 3 A AN Factor 371

_a___ ==hn_

31 = | Unknown U3 1 — L 05 a5

¥ y

- ! = ! a ¥o v w v
s Heration(Loop) A9 1AMt ERUA Unknown 1767 o daoUR Sy Ualmown 50 9T T INSE

0TS e 1 U aon 1 e

I
=

[ v v A w 4 o [ -:%I I : E:I I &
W'W'ﬂﬁLLTmﬂ]ﬁGHﬂﬂllm Unknown A8 871 'ﬂﬂﬁﬂ'@llﬁﬂﬁm FENTHUY ufhmvl@iﬂjﬂTmmmwmwummu ”llﬂﬂ

1
=l d.u @l

’Jﬁﬂ NN ﬁuluﬂmwuiﬂ ﬂailﬂﬂil‘l*l]l"lﬁ]a SFRERY ﬂmlﬂ Source Codz N& 'J‘ﬁﬂ’laﬁﬂﬂﬁmﬂﬂﬂG1ussElnmnalmn

Method iznam i tasa




Gauss Elimination

\

1. Tu Elimination Step 3an AX=C tswenanuvinli N
Matrix A atlusid Upper Diagonal Matrix 6iael
2UIUN1T Elimination AaN1TLNALRYAULARLLAILLN
My wagA1 C azgnulinauan lileaae

8.2.1 ¥AnNN19Ua4 Gauss Elimination

2. fla A flu Upper Diagonal wah nsuAguA1s&Iuise
i'lede Taaan x, Aaulunaigavinauasaunis
ANt X, muﬂmmtmum Wan X, LUKAITA
garing Luaommﬂumsumumtwam Unknown
(iaUNAY 1319138n Back-Substitution




Gauss Elimination

* QM

f?llf'fl-l-{'? X, ++da, X —

12772 1n“"n

LHTTH

a X +{?H2I2 T+ +d X — C,

ant R

AX=C




Gauss Elimination

8.2.1 ¥AnNN19Ua4 Gauss Elimination

AX =C

8, a,
a2,l a‘2,2
_an,l a‘n,2
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8.2.1 ¥AnNN19Ua4 Gauss Elimination
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8.2.1 ¥AnNN19Ua4 Gauss Elimination
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8.2.1 ¥AnNN19Ua4 Gauss Elimination
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Gauss Elimination Alg

» Elimination by Forward Substitution

Forward Substitution Pseudo Code: (FORTRAN STYLE)

factor = a(i,k)/ak, k)
DOFOR 7 = k+1 to n
a(i,7) = a(i,j)-factor*al(k, )
ENDDO
(1) = cii)—-factor*cik)
ENDDO

ENDDO
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» Back-Substitution

-1 R i1
H’]—E a' Py
i j=i+1 ¥ J
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i 46D

ii

Backward-Substitution Pseudo Code:

x(n) = c(n)/a(n,n)
DOFOR 1 = n—-1 to 1 step -1
sum = 0
DOFOR j = i+l to n
sum = =sum + a(i,J)*x(7)
ENDDO
% (1) = (c(i)-sum)/a(i,1i)

ENDDO
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Example 8.1 9319 Gauss Elimination (LA 13

3x, —0.1x, —0.2x, = 7.85
0.1x, + 7x, —0.3x, =—19.3
0.3x,—02x, +10x, =71.4

1 -i='|alrl = s o
aa 131 unadn 5911115 Run Program

factor = 0.0333

g =
3.0000 —-0.1000 —0.2000
0 7.0033 -0.2933
0 -0.1900 10.0200
7.8300
-15.3617
70.6150
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DOFCE kK = 1 to n

dummy = alk, k)
DOFOR ] = 1 to n+t+l
alk,]) = alk,]J)/dummy
ENDDO
DOFCR 1 = 1 to n
IF (1 <> k)
dummy = a(i, k)
DOFOR j = 1 to n+l
a(i,j) = a(i,j) - dummy*a(k,])
ENTDO
ENDIF
ENDDO

ENDDO
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Example 8.2 2319 Gauss-Tordan i ouAe3IA13
3x, —0.1x, — 0.2x, = 7.85

0.1x, + 7x, —0.3x, =—19.3
0.3x,—0.2x, +10x, =71.4
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3 -01 -02 | 7.85]

01 7 -03 | -19.3
03 -02 10 | 714
(R2) — (R x.1/3 > (R2)
(3 -01 -02 | 785

0 7.0033 -0.2933 | -19.5617
103 -02 10 | 714
(R3) — (R1) x.3/3 > (R3)
(3 -0.1 -02 | 785

0 7.0033 -0.2933 | -19.5617
0 —0.1900 10.0200 | 70.6150 |
(R1) =(R1)/3
(1 -0.0333 -0.0667 | 2.6167 |
0 7.0033 -0.2933 | -19.5617
0 -0.1900 10.0200 | 70.6150 |
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'1.0000 —0.0333 -0.0667 | 2.6167 ]
0  7.0033 -02933 | —19.5617

0 -01900 10.0200 | 70.6150 |

(R3) = (R3) — (R2) x (~.19)/7.0033

'1.0000 —0.0333 -0.0667 | 26167
0 70033 -02933 | —19.5617

0 0 100120 | 70.0843 |

(R2) = (R2)/7.0033

'1.0000 —0.0333 -0.0667 | 2.6167 |
0 1 -00419 | —2.7932

0 0 100120 | 70.0843

(R1) = (R1) — (R2) x (—.0333)

10000 0 -0.0681 | 25236 ]
0  1.0000 -0.0419 | —2.7932

0 0  10.0120 | 70.0843
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1.0000 ~0.0681 |
0 10000 —0.0419 |
0 0  10.0120 |
(R3) = (R3)/10.012
1.0000 0  —0.0681 |
0 10000 —-0.0419 |
0 0  1.0000 |
(R2) = (R2) — (R3) *(~.0419)
1.0000 0  -0.0681 |
0 10000 0 |
0 0  1.0000 |
(R1) = (R1) — (R3) * (~.0681)
1.0000 0 0 |
0 10000 0O |
0 0 1.0000 |

2.5236 ~
—~2.7932
70.0843

2.5236
—2.7932
7.0000

2.5236 |
—2.5000
7.0000 |

3.0000
~2.5000
7.0000 |
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11.0000 0 0 3.0000 |
0 1.0000 0 —2.5000
0 0 1.0000 7.0000 |
A'X=C
1 0 O][x] [ 3
0 1 Ofx,|=[-25
0 0 1jx| | 7
X, =3
X, =-2.5
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2.0000 -0.1000 -0.2000 | 7.8500
0.1000 7.0000 —0.3000 | —19.3000
0.3000 —0.2000 10.0000 | 71.4000
k =1
= c =
1.0000 -0.0333 -0.06ee7 | 2.6le7
0 7.0033 —-0.2633 | -19.5¢€l17
0 -0.1900 10.0200 |  70.€130

1.0000 0 -0.0681 |  2.5236
0 1.0000 -0.041% | -Z2.793Z2
0 0 10.0120 | 70,0542
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Example 8.3 2919 Gauss-Jordan 1119%1 Inverse U84
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k=10
3.0000 -0.1000 -0.2000 1.0000 0
0.1000 7.0000 -0.3000 0 1.0000
0.3000 -0.2000 10.0000 0 0 1
k=1
ans =
1.0000 -0.0333 -0.06eg7 0.3333 0 0
D 7.0033 -0.2933 -0.0333 1.0000 0
o -0.1900 10.0200 -0.1000 0 1.0000
k=2
ans =
1.0000 0 -0.0681 0.3332 0.0048 C
0 1.0000 -0.0415 -0.0048 0.1428 0
D 0 10.0120 -0.100% 0.0271 1.0000
k= 3
ans =
1.0000 U U 0.3325 0.004% 0.00&8
D 1.0000 U -0.0052 0.142% 0.004Z2
D U 1.0000 -0.0101 0.0027 0.09599
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1.0000 0 0 0.3325 0.004%
0 1.0000 U -0.0052 0.142%
0 0 1.0000 -0.0101 0.0027

-1

'3 -1 —-.2| | .3325 .0049 .0068
1l 7 -3| =|-.0052 .1429 .0042
3 -2 10| |-.0101 .0027 .0999
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Algorithm U84 Gauss Seidel [We11)1 Pseudo Code Llfﬁifv’?l:d (37 'ﬁd 113 Relaxation fﬁzf’f] ]

DOFOR i =1 to n
dummy = a{i,i)
DOFCR 7 =1 To n
a(i,J) = al(i,Jj)/dummy
ENDDO
c(i) = c(i)/dummy
ENDDO
zentinel = o
iter = o

DOWHILE (iter < maxit) and (=entin=sl = o

sentinsel =1
iter = iter + 1
DOFCR 1 =1 to n
old = = (1)
sum = (1)
DOFOR j = 1 to n
IF 1 <> ]
sum = sum - a(i,j)*=(3)
ENDIFE
ENDDO
x(i) = Lambda*sum + (1-Lambda) *old
IF (sentinel = pand (=z{i) <> o
ea = abs((x(1)-old)/=x(1)) *100
IF =a > e=
sentinel = o
ENDIFE
ENDIFE
ENDDO
ENDDO

TunARUINUDIUNULERAIA 219819999 MATLAB Program 113/7115 Relaxation




Gauss-Seidel: Ex 8.4

Example 8.4 2314 Gauss-Seidel !‘I{iEJLlTéljﬂjJﬂﬁ
3x, —0.1x, —0.2x, = 7.85
0.1x, + 7x, —0.3x, = —19.3
0.3x,—02x, +10x, =714
e paanns lnsliesnA1 Unknown 13118
 7.85+0.1x, +0.2x,

X

1 -

3
__~193-01x +03x,
X, :

71.4—0.3x, +0.2x,
X =
10

[teration ﬁ |




Gauss-Seidel: Ex 8.4

G110 x, = 0,x, =0 mA W X, 1naumsuin 5114 x, = 7.85/3=2.61667

101 x, = 2.61667,x, =0 mAmw x, anaunin 215118 x, = -2.79452

uazan x, = 2.61667,x, = —2.79452 midwowdl x, andumsgame 1a x, = 7.00561
Iteration 91 2, 3, ...

o 2 = g 2o -=-{L e | o [ =: .='lq'

AaumilouAl ua lEa X, x,, x; 91 lalkianga unvaiagluannsiini @aq uaz a1

a) 1 o o c?:! P = o r_i,:l |
9138131 1HaIANT Run Program Laedd e, = 0.01% taz 13/3) Relaxation (I@gmsdia A =1)




Gauss-Seidel: Ex 8.4

0 0 0
X, =X, =X%X; =0

,  7.85+0.1x) +0.2x; 7.85+0.1(0)+0.2(0) 7.85

X = 2.61667
3 3
o = 19.3 o.;x1 +0.3x; -19.3 0.1(2.6751667)+0.3(O) _ 1956167 _ ,_oc5
= 714-0.3% +0.2x, _71.4-0.3(2.61667)+0.2(-2.79452) _70.056095 __ . ...
10 10 10
€,,= 2616670 1 19 ~100%
* | 2.61667
e,, = = 2.19452=0 1 30/ ~100%
T | —2.79452
e, = 7005610 1 56/ — 1000
* | 7.00561




Gauss-Seidel: Ex 8.4

X! = 2.61667, X: = —2.79452, X} = 7.00561
 7.85+0.1x, +0.2x  7.85+0.1(-2.79452) + 0.2(7.00561)  8.9716968

X2 = 2.99056
3 3
@ =193 o.;x1 +0.3x; _ —19.3 0.1(2.990756)+O.3(7.00561) _-17.49737 | 4006
@ 2 TLA-03¢ 402 714 0.3(2.99056) +0.2(-2.49962) _ 70.00291 __ '
10 10
o _[299056-261667 0| 1) 5o
' 2.99056
e - - 249962~ (-2.79452) | 11 an0
' —2.49962
o, _[7:00029-7.00561 ol 1 1760
' 7.00029




Gauss-Seidel: Ex 8.4

X2 = 2.99056, x? = —2.49962, x? = 7.00029
, 7.85+0.1x2+0.2x2  7.85+0.1(~2.49962) +0.2(7.00029) ~ 9.0001

X —3.00003
3 3
o103 0.;x1 +0.3x2 _ -19.3 0.1(3.000(7)3)+o.3(7.00029) _-17.499916 _ , 400000
3 3 . .
o 1L4-03+02% _ 714 0.3(3.00003) +0.2(~2.499988) _ 69.99999 _ . o000
10 10
o _[300003-299056 | 50c70
' 3.00003
. - 2499988 (-2.49962) ;0| o 0147000
’ —2.499988
o _[6:999999-7.00029 )| 10415706
’ 6.999999




Gauss-Seidel: Ex 8.4

iter = 0

o oCa O

Z.6le7
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7.005¢6
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Gauss-Seidel: Ex 8.4

=a =
.3158
L0145
0042
iter = 4
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LU Decomposition
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LU Decomposition
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LU Decomposition
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LU Decomposition
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LU Decomposition
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LU Decomposition
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LU Decomposition
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Crout Decomposition

8.3.3 Crout Decomposition
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Crout Decomposition
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Crout Decomposition

=1 o o
1@z Pseudo Code NIy Ty

DOFOR j = 2 to n
a(l,j)=a(l,i)/a(l,1)

ENDDO
DOFOR j = 2 to n-1
DOFCR i = 3 to n
sum=>0;
DOFOR k = to 7-1
sum=sum+a (1, k) *a(k,])
ENDDO
aii,Jj)=al(i,j)-sum
ENDDOC
DOFOR k = 3+1 to n
sum=>0;
DOFOR 1 = 1 to j-1
sum=sum+a (j, 1) *a (i, k)
ENDDO
aij,ky=(a(j,k)-sum)/a(3i,J)
ENDDO
ENDDO
sum="=>

DOFOE k =1 to n—-1
sum=sum+t+a(n, k) *a(k,n)

ENDDO

a({n,n)=a(n,n)-sum




Crout Decomposition
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Today Topics

+ Chapter 11 Numerical Differentiation and
Integration

- Derivative Approximation
- Forward, Backward, Centered Difference
* High Order Derivative
- High Accuracy Approximation
- Integral Approximation
» Polynomial
- Zero Order
- First Order (Trapezoidal)
- Second Order (Simpson 1/3)
- Third Order (Simpson 3/8)
* More Accurate Method
- Richardson Extrapolation
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Slope of Line

m=slope = tan 0




Definition of Derivative

+ Derivative of fA(x) at any point xis the slope
of the tangent line at that point (x,Ax))

* Mathematically

Derivative of f(x) —A||mO iy _Alimo f(X+AAX)— f(x)
X—> X X—> X

* For function y=f(x), derivative of function is
written in many forms

dy (read 'dee-ydee-Xx")or y




Approximation of slope at point x
using secant line

o Slope at ‘X’ = [f(x+AX) - f(X)] / AX = Ay | AX

As Ax approaches 0,
we have Ay/AX
approach a true slope
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Second Derivative
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High Accuracy Finite
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High Accuracy Finite
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Numerical Integration

Newton-Cotes Integration Formula
» Zero-Order Approximation
First-Order Approximation

- Trapezoidal Rule

Second-Order Approximation

- Simpson 1/3 rule

Third-Order Approximation

- Simpson 3/8 rule

Romberg Integration
- Richardson Extrapolation
- Romberg Integration Algorithm




9.4 Newton-Cotes Integration Formulas
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Zero-Order Approximation

9.4.1 Zero-Order Approximation

y
ot = o

==y 1 w 1 w 1 :: =t = o :& w rill 1 ::
BB MsUs20nA1 Integrate daudasiAouivzlinouiingss ¥uila £, (x) = a, A9iua Integral 9

dszina ldozmny
b b
= _[g F(x)dx = _[ﬂ a,dx = a,[b—da]

fA1a, o1z lsainy £ (a) uio f(b)uaiilyis Error f’lﬁﬂi]“ﬁ]lﬂﬂ’lﬂi]ﬂum Function 718804na1s

U

¥ NI a uaz b naae

a+h
N

==t =1

! 1 o
sUANIE1EATA M Integrate 326351 uaz31lan l1udnan 1315z aaiA1 Integral 493 Function Ineniiy

ﬂ’Jmg]ﬂ'ﬁmﬁ'}ﬂﬂTJ‘J!!.‘Lid'ﬂTE'ﬁ’I‘HHmﬁlﬁlﬂlﬂuﬁﬂ‘I«_l"ﬁlﬁﬂﬂ'}’ll!.ﬁxll Error 0N 31
=l -='?.JIJ=1 = 1 :'!1' 1 . =1 -=':.'-"'
I3M5UGINBNDY19HII Strip Method ABLT UL iftufiendunuvesdmdeniiuth uaziszanuanituiilae

/

dnnaniunvesaniasuiuimnla

N




Zero-Order Approximation
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Zero-Order Approximation
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First-Order Approximation
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First-Order Approximation

9.4.2 First-Order Approximation: Trapezoidal Rule
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First-Order Approximation
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Example 9.5 A70819184 Sin ale-Application U84 Trapezoidal Rule 93111013 U5z1mA1 Inte gral V84

F(x)=0.2+25x —200x + 675x° —900x* + 400x°

— p IE:I o 1
Tu31991n @ = 09udab = 0.8 1aeld Trapezoidal Rule 3173 1AMIAAT True Error l

Answer:

W [ f (0)dx = [0.2x + 2557 /222002 /3+ 675x*/4-900x° / 5+ 400x°/ 6] °

AR LT3 WAL 164053334
i £(0)=0.2, f(0.8)=0.232

ﬁ&ﬁu 1711 Trapezoidal Rule 13 114 7=0.8 0.2 +;'232 =0.1728

waz E, =1.64053334 -0.1728 =1.46773334, e =89.5%

1




Trapezoidal Rule

I
=i 1

= el 1 o _q ¥ g = 1 ) =f 1 = 4 o
1ININAINET 194 Error asath Inanasla Iaemisusians Integration L‘]JHETTHLE’IT']“H’I? DLHBINY a1

1 y
1o =t =it 1 1 ar 1 ar @ ar oo
LINTIINTT Integration E]’E]ﬂlﬂh-! n+1 'ﬂqﬂﬂﬂﬂ YU INNY N /1 uaztd WED];‘?] 1 Segment A4UU

b-a

1n

h

Y '

5 _ L e o = =W 1.Y . 2 - 2 i AS
lAgia 7 + LA uniunn x,, x,...., X, FRAGUANEIT x, = a wazgagaime x, = b 1519z laaunsves

=
Trapezoidal Rule ST

I = hf(x@);'f(ﬁ) +;?f(x1)‘|2‘f(1'2) fi ]y f(x”_l);_ f(xn)

a5tuad ez la

n—1
I= ;—2? f(xﬂ) + f(xn) + 22 f(x‘,. ) : Trapezoidal Rule
i=1




Trapezoidal Rule

\

h n-1
I = E {f(x{,) + f(x”) + 22 f(xj) : Trapezoidal Rule
i=1
uazf1 Estimate Error a3 0uand 1ad1ag 1zl
bh—a) —
Eﬁ. — ( > ) frr
2n

= PR = ] . . ‘ 1 =
laen /"' ADA1RABUDI Second Derivative U84 Function 11333 a 03 b




\

Example 9.6 SRGEATRIGE Multiple-Application U84 Trapezoidal Rule 23911013 U521194A 1 Inte gral Va4

£(x)=0.2+25x —200x* + 675x° —900x* + 400x°

¥
g 1 =2 q & T & oo 1
9910 @ = 09unidb = 0.8 Taalsmsuyatluaod Segment MNUUATUINA True Error

ANswer:

s f(0)=02, f(0.4)=2456, f(0.8)=0.232

Sy T = Uj [0.2 +2(2.456) +0.232] =1.0688
3
5118 E, =1.64053334—1.0688 =0.57173, ¢, =34.9%, E, = —lgé)g (—60) = 0.64

1 1 -:: o I 1 al
71 -60 ADANRABVDL Second Derivative 1119310015 Integrate Y93 Second Derivative 144733 [0,0.8] LAz 115778

8 o ]
L [J £ (x)dx valiiindnuianiges

99 Integrate ER) f” = (0.8-0)




a

31919819854 Error iA210015 Approximation Taeudailu 2, 3, 4 uaz 5 Segment HAzANIT1IT1981ILAAIAT
o

= = 4 = 4 o ' = '
Error 11283984 Function 3 11813 11113117U Segment “]Ni]:ﬁﬂ!ﬂﬁ"lﬁ'ﬂ ﬁ'l!.'i U Segment !ﬂuﬁ'ﬂﬂm'l Error ﬂxﬂﬂﬂﬂ!ﬂﬂ

q

44 2
Yinalud laedszanm




17

n / e, %
1 0.8 0.1728 89.5
2 0.4 1.0688 34.9
3 0.2667 1.3695 16.5
4 0.2 1.484% 9.5
35 0.16 1.5399 6.1
6 0.1333 1.5703 4.3
7 0.1143 1.5887 3.2
8 0.1 1.6008 2.4
9 0.0889 1.6091 1.9
10 0.08 1.6150 1.6




Second-Order Approximation
/'\

TN
/ \\/ /\

1

XO Xl XZ X3 X4 xn-l xn

Simpson's 1/3 Rule




Second-Order Approximatio

, _ R T 1 g3 , = = ¥
Simpson’s 1/3 Rule Innmsszinaai lnely Second Order Polynomial ¥3i981IN13 Parabola ¥iN13 8319
- 2 %1 151288128 Coefficient 3 87 § 31715192 E 093] K
235 Parabola f,(x) = @, + a,x + a,x” 11 13132/833 A1 Coefficient 3 A1 AT 1zABILDUIAVRIA £ () 1
3 < 3 < 4 =

WAUAUNENMIINEM aq, a;,a, HannlaumsiilandsezG39n f(a) wazavasi £(b) ¥59a a uax b Aadaiye
:: ¢ :: = g -=v:. d%' =
s 1A041% uazyaiianilndez 16ngananas fe (a + b) /2

Y 1
=i o

¥
i =1 af o as o o -dk' o 0 %
Tumsil 159A03A MU Coefficient 1ITVDY a,, @, @, MNTLNA Segment NAUIU T3z 1¥im3
T og W o -::. a-\:!::-:i. 1 q @ g 7] :: o 1 [
Uszinaanlemsfimaaiunn 339anAet 19 Polynomial 11131/499 Lagrange Interpola‘ring Polynomial @37 lana171u
ADUAUUDILN F392311 14 TAEAT I INMSUNUAIVDS Function 3 wluauns Kail
£(x) = ZL (0f (). Lx)= H

;e;




Second-Order Approximatio \

= 1 = = = 1 1 =11 1 o
A33JAL LT Segment 99NILIU 77 Segment UAZIATVIIN Xy, X;,-.., X, [ABNTZH2HUAAZIATANNINUAD
L ‘J" p P o= - ! p F . - . _.'ﬂ e
WY /1 F9e3913 Parabola U3NAzFUANLAUITAVBY Function A0 [x,, /()] [x;, F(x)].[ x5, f(x,)] 23
Usznou

3
oo ot
AdUH @1IN5U09 Lagrange Interpolating Polynomial 13192 14

S (x) =Ly (x) f (xp) + Ly () f (x) + Ly () f (x,)

(Y Yl)(r Tﬁ (Y Yﬂ (Y Yz) (T Yﬂ)(T Yj
( Tl)(Tt: =2) f( 0) (T Tﬂ)(TI 2)f( 1) (*'C_ Tg)(*'fq 1"1 f( )

way M35z Integration YDIFIUTN 910 X, B3 x, 3T

4

|l (v=x)(x—x,) (x —x,)(x—x,) (x—x,)(x—x,)
1= )
.I'xc[(xﬁ —x,)(x, — x, f( 2 (x, —x,)(x, — )f( %)+ (x, —x,)(x, — x,) J(x }

P o Y e TR qe S ooz oy gy
Q 111897 Integration lﬂﬁﬂﬂ’liﬂﬂdﬂﬂ LLRZ 71T Elx‘iL"I-'TE]‘th’i'iJ “ll'w‘if'IJﬂl?’i’ﬂﬂﬂ'ﬂ“ﬂ’lﬁﬂﬁ?’llﬂ‘l—!ﬂTQ"LITL! L3 Wﬁhlﬂ

—

[f(*f@) +41(x)+ f(x, )] : Simson’s 1/3 Rule

L.u|"H



Second-Order Approximatio \

lun38iuea Multiple Application A8t 11199801JU 17 Segment 33917 X, X, ..., X, HAzAT=IN21903

y
o 1 [ 1 ar  =A
Integration 3% 1A31nHAsWUBIA 523N 1UIA Ay Segment AT

[= _[‘f‘ff(x)dv + [f‘ff(x)d«f foet _[f“"'q F(x)dx

L)) S)+ 41(5)+ £

+...+2h-

f(x, ) +4f(x, )+ f(x,)
6

1 D [T
a3 32 I8NLS 1]1‘;3]

n-1 n-2
fO)+4 Y fx)+2 3 fi)+ /(%)
I= (f? —a) GRS AR : Simson’s 1/3 Rule

3n




Second-Order Approximation{y

lun3alue3 Single Segment %14 1 Ervor 194 Simson’s 1/3 Rule 128nT17n59:454 ug azwuToglu O(h’)
ey O(h™) uaziiladevdu O(h’) 194 Trapezoidal Rule 9=An3131A 31 Exror 1zagluiduaiiazoen
o g ‘ o o 1 =t o o
M15A119z liinan Ejﬁﬂliﬂ]ﬂﬁf}ﬂ"lﬂ Textbook) (Note: @113 Multiple Segment A1 Error 11l O(;?J') AREERT

Simpson’s Rule ey O(h*) #1115 Trapezoidal Rule 1A mua%13[a,b] linsd)

=) ey e, _(b-a)
r 7380 —o /() Qﬂf (&) A >

o =t 1 1 ‘ =1 l E 1

lagn & UMagizvINg a llaz b wazluniaives Multiple Application Simpson’s Rule f11 Error #11791nN15593A1 Error
) ' ) 3

luugaz Segment N911A 71 Segment LUAZAURAYVDI Forth Derivative 112911 A4

- (b-a) —w
1800 /

Y = 1 1 --_9‘,:I 1=k . 1
11939970 Simson’s 1/3 Rule 113131921311411A Second Order Estimate 4113133 A1) Error 111809 Third Degree
Y

= 1 1 W s = :? 2 aodaas g =
Estimate(Simpson’s 3/8 Rule fl3zna1ide 1)) dsluaznuisiidiintenliniaa

§“"




\

q @ ) o 1 a 1
Example 9.7 19 Simson’s 1/3 Rule A8a1 7 = 4 sz Integral U8

£(x)=0.2 +25x — 200x> + 675x> —900x* + 400x°

o
Tux1991n g = 03un3d = 0.8 1ATTUAIMINAT True Error /
Answer:
51 n=4.h=02 .

£(0)=02, £(0.2)=1.288, 7(0.4)=2.456. 7£(0.6)=3.464, £(0.8)=0.232
0.2 +4(1.288 +3.464) + 2(2.456) + 0.232

12
E =1.64053334-1.62346067 =0.01706667, e =1.04%

=038 —1.62346667




Third-Order Approximation
N

TN
/ \\/ /\

1

Xo X1 Xz X3 X4 Xp-1 Xp

A=

‘*@ Simpson's 3/8 Rule
\

\




Third Degree Approximation

3141981995413 1% Parabola 138 Second Degree Polynomial 311111151/ 3523119#01 Tntegral 114 Simpson’s 1/3

Rule(3 1418) 1/5outfisnfiunms 19 Third Degree Polynomial 114 Simpson’s 3/8 Rule(31/4121)




Simson's 3/8 Rule

9.4.4 Third-Order Approximation: Simpson’s 3/8 Rule

¥
G =t =t q & 1
1un3131 13119 Third Order L agrange Polynomial 1 15 zinaa Integration

I= [ f(x)dv= [ f,(x)dx

=na=h 3/

) e s :: 1 Ir o 1 LE | a7 LE
AR g InnN I3 EﬂEJﬂHﬂ']_|°||'“|'ﬂif1ﬂl']11-:|‘|’i'qﬁ]ﬁ]ﬂﬂ1—_| FRGRIAE ﬂLLﬁﬂﬂﬂ'ﬂﬁMﬂ’lﬂJH‘_'I_I‘I.J_’Elgﬂugﬂ

I = %h[f(x‘ﬂ) + 3f(x1) + 3f(x‘2 ) + fl:*fj)] : Simson’s 3/8 Rule




Example 9.8 1% Simson’s 3/8 Rule 111515230181 Integral V84
f(x)=02+ 25x - 200x" + 675x" — 9001: +400x
Wug997 @ = 093@35 = 0.8 1AL LIRA True Error mﬂumﬂiﬂumﬂuﬂuﬂhl’ﬁ Simson’s 1/3 Rule
@13A78 Simson’s 3/8 Rule 50 1unsal mﬂli ’Il!.‘l.l»fllﬂ‘u 5 Segment

Answer:
=t i . ) 1 o El
13999 Simson’s 3/8 Rule 5y ailu 4 Segment uaz 19

£(0)=02, £(0.2667)=143272428, £(0.5333)=3.48717696, f(0.8)=0.232
0.2 +3(1.43272428) + 3(3.48717696) + 0.232

8
E =1.64053334-1.51917037=0.12136297, e =7.4%

=08 =1.51917037




Romberg Integration

: sy sy ! . q¥n ¥

Tunsmig 13 Function N3 1A0IN13HIAT Integration 1318713130U1 Trapezoidal Rule 38 Simson’s Rule 3114 19
T =t Y =t Y P = = M o =i 1 - e = 9
1AgN13ULIFINADINETAUNADING BIB1VUAEN 1T 01U Segment 3371 A1UD3 Integral TERR ZENONABDINN
:%J |n-_9‘,:I I = af 1o q Vo I 4 =& I ar } o -=:. o
VY 0813 lsnaua st lianas 1as 089 IUDIIAHUINA Error NAVIZFIVU UUAD Limit NONNIHIUA

-7 1 ==l d'i' -'f
15 vAaz7% F911pa1191n Round OFf Error

1ngiuaaans walssuidieuat Eror AAADI 1191483 Segment N11F 534913 Trapezoidal Rule uay Simpson’s
2 5 1 3 1
1/3 Rule 9849 Function f (x) = 0.2 + 25x —200x” + 675x° —900x" + 400x° Tuy3daus x = 0 audsx = 0.8

ar 2l 1 -::. =y 1 ==t o =1 =y =: 1 =l s ._'
928310 1A71A1 Limit Y93 Precision A 1uu@az 15 uazdwiu Segment NANTAVDILAAZID 91193311910 Round Off

a
Error U 13131191
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f_‘

i

2

i

nt relative error :

 Trueperce

i
i

o

B




Romberg Integration

E a1 4w 3 3 o A ¥ g amaa P i
Tunsalwuil D AIMsANEnAesa) tInduiazaeslyisoulumstszanum ¥3 Romberg Integration
= = d'i'-z:.g g Ay Y=t = _:U -] . . 3:\:\” o =i o . - B q o
Wumatanizaniiunly1laa Iaal¥n1591 Trapezoidal Rule ¥iana9)a3 saanon gy Algorithm MIAIMINIZ 1Y
¥

1
o =i g

3!
ﬁug 1W131NI5V94 Richardson Extrapolation 1um3f19@ Error 115 VIEazA5 NN AININ

= i :'!1' sl :: =A d%' = -=w-=l.4=: s =yl 1 s =
aNIENHIADITNG BN Gauss Quadrature TIUUITNUTVIN91NI5U09 Newton-Cotes Formula LHUAM 116 15

WNIAMEMIUMIMANEAzFNANN LAglMsaonAuHE e ATt AU 135335V Gauss
3
=4

T 2 - 3 : Ey o ar
Quadrature 9z liinany lugudl fmanlvasodny 109108151093 Numerical Method 17 11/

U




Romberg Integration

9.5.1 Richardson’s Extrapolation

=nat q o=t 1 o =4 = o oar ::
151139943 Richardson’s Extrapolation 92193573 U9IM5 Estimate A1 Integral @930 uazinIsumeuAUaun

' v R < = . -
&13 11931140 19 Error TENAYM F3A1 Error NNAINATIN Multiple Application U84 Trapezoidal Rule §13130l 08U 11 gj‘lJ
y

I=1(+E(h)

1
=1

e ;: 2 1 Y o= 1 =: a o =
Iagn I 061 Integral 1234, J(A) Aoa1iz1nao4 Integral 1109107015911 72 Segment e h = (b —a)/n
=1 -::. = - c?:! ol o r_g:l o q 1 1 1 ar
waz E (/) 111 Truncation Error fitha A1 113191115 Estimate #93A33 laglyyiavahivhidu As A, uaz i, 151
GRERERITELT

I=1(h)+Eh)=1(h)+E(h,)

= [ L o 1
INNNATIINLATINAT Estimate Error 91NN1391 Multiple Application 193 Trapezoidal Rule 1z88 Ty %ﬂ

_ (b - a)j o
’ 127 4

SV




Romberg Integration

a4 1 1 =
diaunua1n = (b —a)/h 13114 Estimate Error 111

E - b—a
12

n

a

¥
dariy 151ag1 189 Sa1au5 e 1113 Ervor 919809 Estimate 2z iiadszananiy

E(h) N I
E(h) I

E(h)~ E(h, )( i J

2

uazilaunuminduadluaums@y u'ld

I=1(h)+E(h)~I(h)+E(h, (f’l]

I




Romberg Integration

4w = g 1 1 E
waztladaEsaaums il Wieva E(h) 151azla

E(:I??) ~ I(;?l) —I(}Ei)
o 1=/ hy)

¥
o 1w 1 a ‘ oo = =f
waziheda 51N eiAdina 135l ans Estimate luassiaas 1

]
(h,/h,) -1

I:I(}sz)JrE(ifz)tf(hg){ }[f(;?z)‘f(hl)]

q 9 2 ORI PRI, g 2w
s nnsauaadliimy 1A a1 Ercor 11 10219013 Estimate #3) O(;?d') F¥alaanmssy Trapezoidal Rule @84

o 1 o o=t 2 oo o [ :!:: qQ 1 1 1 o :: 2 :: i
du udazdull O(h”) Widreiu lunsaiinliszexiawaudazyanii i safivinzauden h, = i /2 uazauns

F13uuazily

1
2° -1

I~ I(h) + ——[I(h) — I(h)] = 2 1(h) L 1)




a

Example 9.9 911 Function CHESIEE SIS I RER LR Trapezoidal Rule Tne 193584 Error Correction N351AdA
f(x)=02+25x—200x" +675x" —900x" + 400x’
Tug199n @ =0aunsb =0.8

Answer:
¥

Ty @T’Jﬂtllwﬁﬂuf] 131911 Single Application !18z Multiple Application Tagld Trapezoidal Rule U84 Function U

= g |
) Fanaaglluas e

Segment h Integral e, %
1 0.8 0.1728 89.5
2 0.4 1.0688 34.9
4 0.2 1.4848 9.5

11m3 Estimate 910 #il31azd0q Segment 137114
I~ i(l.UﬁBS} —%(0. 1728) =1.36746667
2 2

E =1.64053334-1.36746667 = 0.27306067, e, =16.6%

B



Romberg Integration

1135 Estimate 910 Hil31Az A0S Segment 157118

I~ %(1.0688) —%(U. 1728) =1.36746667

E :h1.64053334h—1.36?46667 =0.27306667, e =16.6%
S MIUMS Estimate 910 doauaz Segment 151161

I~ %(1 4848) —%(I 0688) =1.62346667

E, :h1.6405:>334h—1.62346667 =0.01706667, e, =1.0%




Romberg Integration

35115994 Richardson’s Extrapolation a1315031131911d0 1aglns Estimate 11411 O(4F) inanaudass
o " G 1=t . ! - jll =t W G == G 1 | 1 1 o
1 91911113 Estimate Tnsidnviy a9z linwgnaedavulfenlu O(h°) Tunsdiildmszexriaudazyanieg iy

‘5% 1 jﬂ q ¥ = .='!1' d%' s = = g I T
3015 Estimate udiazAs 131159110983 Step a3 svitsvasdudy aumsves O(h°) annsafigaillahedlugi

Ry
15" 15"

Taefl I A9AIN5 Estimate ignAos1nnd1 uay 7, Aon13 Estimate Agnaososnii(14 Step Size vinalugindniludos

1 [ o =1 ar W o 1 =x -=':.-=l. o =i al I
W) Twihuesdenuausninae lan Taenssiaed Estimate N13) O(hﬁ’) 15192 1AA1 Estimate ﬂnm’ujg}ﬂmmlm

o o o =t = 1 ar =
O(h®) vazamnsauaaaduaumsd i unsan Step Size A i

fg::ﬁ _i J

63 " 63




Romberg Integration

\

Example 9.10 1aa0a1%n15 Estimate 1y O(7°) dmiivdeyaludindian 9.9 uaznlSaudion Eror h

Answer:

- 16 1 16 1 _
G1la 1 ~—1 ——1I =—(1.62346667)——(1.36746667) =1.64053334
15 15 15 15

bl '
Funadlunsditin lddneufigndesdadaautivd Ay 9 van




Romberg Integration

= 1 ‘ a A ‘ ar 1 . g i-'-:vu:'%l 21 o w 1 o o q % 1
nnnnanluivenay lumidivydiamves ntegration THATMT e @1 TLIAAY Step FIMTUMT ¥52 8211

| 40w g 4 3 . g —— 5 :
wdaz AT Al waziuas wiauns Step nouning Fustannsadeuduannisiall1dlugilves

g

AR-1
I =~ 4 ‘T;+1,k-1 -1, !
kT 4)1’—1 —1

=l =1 1 . =t al 1 al al 1 o o -:ItL L af -=v%lI 1 1 2
loef 1, , uaz 1, A9A1 Integration IYNADININNI LAz YNABINBEND AINEIAY Tl laneunthil a1, , Ao
a1 Estimate 83 1131 Taefidio & = 115714 Trapezoidal Rule 1@y, @3 & = 2 13N8839M3 Estimate o1 1nsindlu O(h%)
a g 1 2 o 1 . 4 1
uaz k =3 flems3 Estimate il O(h°) uazde 1Goes drisvsr j 14iiauansnannunand1a9ean3 Estimate @04
¥

AsatiaMugndaannd1 (j + 1) uazdosndi (7) ¥9an13 14 Trapezoidal Rule 153910 Single Segment Application, 2

Segment, 4 Segment L!.azﬂl’E]Llﬂﬁ’E]EJf]




Romberg Integration

o) o) o(h®) O(h*)

(IT=1)  0.17280000 = 1.36746667
1.06880000 —

(IT =2) 0.17280000 1.36746667 —* 1.64053334
1.06880000 —— 1.62346667 —

148480000 —

(IT =3) 0.17280000 1.36746667 1.64053334 ? 1.64053334
1.06880000 1.62346667 ? 1.64053334
1.48480000 ——=% 1.63946667

1.60080000 =

nngildiauu danadr 7, , 1adnandeaudluszdv 9 Significant Digit uazilouSeudisnAuinis@y a1n
.-u,ﬂ.-h.:'{, q ¥ 1 aici:y 1 . , . ¥ .9,15;1 = oo . o _ )
sUnsliuaaslignauntind wu Simpson’s 1/3 Rule 1991904 256 Segment 719z 1AA1 Estimate 111 1.64053332 uaz
) g"l 1 ) ) g"l
15192 il 1AA1NAN 1171194311910 Round OFf Error Tzl Romberg Integration 1AA1MgNA83(a 9 van) lagladiugi

AMITIAUVDY 1, 2, 4, 11z 8-Segment Trapezoidal Rule
N



Summary

Data Points

Required for Data Points
One Required for Truncation Programming
Method Application 11 Application Error Application Effort Comments
Trapezoidal 2 n+1 ~ P (& Wide Easy
= C -
Rule tf (‘:‘ )
Simpson’s 1/3 3 In+1 ~ ] 5 p( )y e Wide Easvy
= — L -
Rule f (‘:‘)
Simpson’s 1/3 Jord ~ 3 ~ ] 5 p(4) e Wide Easy
= = — i ( ;
and 3/8 Rule f (‘: )
Higher-Order 5 or More N/A . Hr 7 p(6) ¢ g Rare Easy
g = h - ;
Newton-Cotes f (b )
[ L . =
Romberg 3 Requires Moderate ity M TN
. =l
Integration f(x) Be Data 1111
Known A1513
L5 L o
Gauss 2 or More N/A Requires Easy 11]th{13ﬂll
- =l
Quadrature f(x) Be Data #1111
Known A1 14

e ¢



Homework 10: Ch 11

- Download HW

* Next Week
- &9n151hu HW 10
- Chapter 11 Solutions of ODE
- HW 11 (Option)
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Computer Engineering
Mathematics II

Part III,
Chapter 12 ODE %
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Today Topics

» Chapter 12 Ordinary Differential
Equation
- HW 10 Due Today
- HW 11 Due Wed 4 May, 12.00 Noon

- d9iavianna

+ Course Ends This Week
- No Chapter 13(Curve Fitting)

A@‘

\




Differential Equation

- Wlugunrsnrvadindans Nnusznauese
Derivative (¥i3a Integral)
- Solution wav&un1séa Function v1si Derivative
w3a Integral Usngat

. siluuuiiillda (First Order)
- dy/dx = f(x.y)
- ASEALART dy/dx = f(x) saunsanAgun1siag

1dn1s Integrate
- dy = f(x)dx

*y= I f(x)dx = F(x) + C : a1 C &unsamla laansiinum
Initial condition




Example 1

. Solve for W _3,:.
™ X“; X=2,y=4




Example 1

+ Solve for ¥ _3x2. x_2y-2

dx
dy = 3x°dx
y = j 3x°dx

y = X° + C (General Solution)

A@‘

\




Example 1

- Solve for %:sz; X=2,y=4
X

dy = 3x°dx

y = j3x2dx

y = x* + C (General Solution)
X=2,y=4

4=2°+C

C=-4

y=x>-4




Differential Equation

* A1 Order gygnuay Derivative g
A11iua Order a9 Differential
Equation

- UIU Initial Condition Nagsiavlaxy
LiNAUAIUaY Order UaY&UNTS

A@‘

\




Example 2

F(X,y):xy°+2y+x°=4 Find f(x, y)=diF(x, y)
X

d , d
— Xy +2y+ X =—4
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. IRVE

y = 2x2 y dx
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. g3

y = 2x2 y dx
[3xy* + 2]
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Differential Equation
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» Ordinary Differential Equation
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ODE: One Step Method ?\
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Euler's Method

10.3 Euler’s Method (Euler’s Cauchy 130 Point-Slope Method)
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Euler's Method

Example 10.1 9319 Euler’s Method 5117134181 Integrate DIFAUNII
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Euler's Method
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Heun and Polygon Method
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10.4.1 Heun's Method
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Result 0f 1 and 15 Iterations and Error

| Tteration

15 Iterations
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83.33776733540077
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0 2.00000000000000 2.00000000000000 0.00 2.00000000000000 0.00
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2 14.84392190764649  16.31978193789828 9.94252084748262  15.30223665973187 3.08755836184566
3 33.67717176796817  37.19924889686475 10.45835188644487  34.74327609067792  3.16565871402471

3.18047063805967
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10.4.2 The Improved Polygon Method (Modified Euler Method)
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Vig =V + gﬁﬁ(xf. Vs h)f‘f mnuman 1y Taylor Series Expansion

= =5 1 £ al:%l Y =l L
1319213 UINNITANE 1 Second-Order Runge-Kutta Method nau "]J'ﬂluﬂﬁmuﬁ’l'ﬂﬂﬂﬂ THAaUNLNATID IR TAD UV

1
I =i

3 '
ﬁllﬂ’li’é]ﬂﬂgﬂﬁllﬂ’li Quadratic (a2 1135192371 Local Truncation Error g O(ha) 18z Global Truncation Error 8871
o 1
2 1 o . & =y . 1=t 3 4
O(h™) @831n11% 1319 AN¥1 Third-Order 1@z Forth-Order %3311 Global Truncation Error 989l O(h” ) uaz O(h")

AuaIRL
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Second Order Runge-Kutta
Method

93M13904 Second-Order RK 3z0¢ 11131

Vo =V, + (ak +a,k,)h
Tagd

ke = f(x,.5,)

ky = f(x, + ph, v, +q,,kh)

1 1 i j: q ¥ 1 oar
A1 Constant ®13%] @1373 241 laa1nmsaean s 1y Taylor Series Expansion

-
A

Vi =v,+(ak +a k) )h=v. + f(x,v)h+ f '(xf.,}-‘j)%

= -:: 1 2/ !
laena1 /' (x,. v,) @13130%11A9100g Chain-Rule Y94N15H1A1 Derivative




Second Order Runge-Kutta
Method

\

. df _ df dv
X.,V,)=—+———
F ) =St

uazi1l@

.}’!r'+l — fl#',f + (ﬂlkl + Hq;{",:);',l = -}:" + ‘f‘(xj : }}f)h +{ df N df aﬁ; :If'_
- dx (f], dx

j! : q 3 o o a:'k =1 o qﬂ.-'
10U a1y Taylor Series Expansion #1431 Two-Variable Function “4 mgﬂuwﬂau

gx+r.y+s)=glx })+?‘j—g+3d—‘g+

x dy

Auaumses k, 1519z1a

d d 5
ky=f(x, + ph.y, +q kh)=f(x,y)+ plhd_i + gllklhd_i: +0(h7)




Second Order Runge-Kutta
Method

uaziioi 1unua1luanns Second-Order RK taz a3 gamauiiiloudy 5116
df df |, 3
Via =W+ ['—’ﬁf(xf-}’s) + azf(x;-ﬂ"f)]h + |:a2p1 E + nigllf(xf‘-.v.r’)(;,_r h™ + O(;? )

._' = =i o o aa
dion)3eudisun U a5 Y84 Taylor Series Expansion ¥93 ¥, axii1n13 Equate Term 1518511091

a,+a,=1
ap, =1/2
ayqy =1/2




Second Order Runge-Kutta
Method

4 =t =i o o o
Wionls suieuAUaIn13u84 Taylor Series Expansion Y94 ¥, 48111113 Equate Term 151851 109

a, +a, =1
a,p, =1/2
aygy =1/2

af o 1=1 1=t g o = o
flg‘ﬂﬁuiﬂﬂ ﬁiJﬂ]iWJHlIH‘IJij =NDUAFTTUEUNT LA 4 Unknown LA ELlllll’ﬂ AU UAaY MIHIANDUA NG

o e 2 1 o -dk' 1 ua:! q 3 E 1 -=':. 2 o ua:!
‘ﬂ’lhlﬂ lﬂEJLﬁ’E]ﬂ'ﬂ’l Constant ®HHHINOU '{l’lﬂmﬂfﬁﬁ’m dain1FTu1auUHY A1 Constant NLH 5’?] AIUH Second-Order RK Method
y

92111a18 Variation LAz 1§ 1AYIIAT]




Second Order Runge-Kutta
Method

2 =1 e 2 i
l. Heun’s Method with a Single Corrector: 0NGTUNAMN @, = 1/2 wwnaumsla a, = 1/2, D=4, = 1

gioah ldunua luaumsved RK 15114

Vi =V, +(l,ﬂ.’1 -I-lf'.’z ]f&'
\ 2 2
ko= 1(x.»)

o, =f(x, +hy +hk)

1
=i

-d'i' -=: =y = 1 -=':. I = 1 1
4 '](1 “l"l'{lidl!g']'ﬂﬂ’ﬂ] Slope ﬂﬁ?ﬂ'ﬁﬂmﬂd Interval Loz A’z fABAT Slope N ﬁ'ﬂ!ﬁ'lﬁlf'l]ﬁld Interval LAz@UNII

47 ﬁl 1791 ﬁﬁl Heun’s Method ﬁﬁ 1 Iteration




Second Order Runge-Kutta
Method

2. The Improved Polygon Method: 143 ’Iﬁillggifh a, = 1 sudaumsla a, = 0, =49, = 1/2 gl

unua1luanmsved RK 15118

Via =, el

k= f(5.0,)

ky=f(x, +5h,y, +3hi;)

s 1 =2
HAzEuMIAINAINAD Improved Polygon Method




Second Order Runge-Kutta
Method

3 = ¥ 3 / / _r '
3. Ralston’s Method: U5 1833jAf1 @, = 2/3 wwdaumsla a, =1/3, p, = ¢;;, =3/ 4 diorh lunuam

Tuaunives RE 5114

' 3

‘I‘Tl — f(xf‘-.vi)

fey = f(x, +3h,y, +3hk)

Vig =V + ( %!q + %!@ ]h
3 3,

o

SV w 2 4w i
GEVIIRERY TlJ NN l‘lJ_ 113 Ralston’s Method 3392 11’? f11 Truncation Error 4843 Second-Order RK 11 HJL! Minimum

Bound




Second Order Runge-Kutta
Method

¥
Example 10.3 34 1% Second-Order RK Methods 13981335 W3 sutilsnn13+1a1 Inte grate VBIFAUNT

V'= f(x,v)=-2x" +12x" —20x + 8.5 1 x = 0 93 4 Tagl¥un1av043 Step Size = 0.5 @1 Initial
Condition AD f (0) =1

Answer:

o =: = 2 s ] =: 4 3 - 2

Anpuiuiaife@ndiednai ) v =—-05x" +4x” —10x~ + 8 5x +1

3
AR VYR I II3T tazd Eror #31 1ATuA1513913819 §1115U Source Code 183 MATLAB @ @910

TIRAHUIN




Second Order Runge-Kutta

Method

Improved Polvgon

Single Corrector Heun

Second-Order Ralston

¥ Vo ¥y e.|.% y ‘E:‘I‘ﬂﬂ y “5} %0
0.0  1.00000000000000  1.00000000000000 0 1.00000000000000 0 1.00000000000000 0
0.5 3.21875000000000  3.21875000000000 6.8 3.10937500000000 34 3.27734375000000 1.8
1.0 3.00000000000000  3.00000000000000 12,5 2.81250000000000 6.3 3.10156250000000 3.4
1.5 2.21875000000000  2.21875000000000  21.1 1.98437500000000 10,6 2.34765625000000 5.8
2.0  2.00000000000000  2.00000000000000 25.0 1.75000000000000 12.5 2.14062500000000 7.0
2.5 2.71875000000000  2.71875000000000 17.2 2.48437500000000 8.6 2.85546875000000 5.0
3.0  4.00000000000000  4.00000000000000 9.4 3.81250000000000 4.7 4.11718750000000 2.9
3.5 4.71875000000000  4.71875000000000 4.6 4.60937500000000 2.3 4.30078125000000 1.7
4.0  3.00000000000000  3.00000000000000 0 3.00000000000000 0 3.03125000000000 1.0
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Third Order Runge-Kutta
Method

[

Tunsaly

—

Qe

200 6 AUMS AU 19=A097

@

'Y woo o Yy
7 = 3 15192 1A Third-Order Runge-Kutta Methods tazpaaniszdsznov 11A1en15411 8 Unknown

MUAAIUD 1899 Unknown Ua=H 17171 Constant NA090 6 67 nazdzimaav1d1ning
- :& =X = q ¥ ar BN 1
Aaavvidaniey 15au 1aun

3y
¥AINIAD 11

Vi =V, + 2k, + 4k, + K|
‘Z‘Tl = f(xf‘-.v.f)

ky=f(x,+3h,y, +3hk,)
ky=f(x,+hy —hk +2hk,)

o 1 1 1 =1 =] 1
GELLEER 'Léf’l Function U93a1n131)3 Eﬂﬁlﬂﬁiﬂ’m X D8R fgﬂﬁuﬂ’liﬁﬁﬂﬂﬂﬂﬁl Simson 1/3 Rule 11 Local

Truncation Error 181z Global Truncation Error Y84 Third-Order Runge-Kutta Method agi1u O(:IFJF) e O(hj) SRETGREN
c == & . & . = o w L . q¥1 = ¥ =
Tunsafanmstu Cubic Polynomial 1311 Solution 111 Quartic A4HUAABUVDY Third-Order 32 111A 191111195 9




Third Order Runge-Kutta
Method

Example 10.4 94 14 Third-Order RK Method i1 Solution Y9 3&3/13

dy
dx

= 4% — 0.5y

91101 x = 0audax =1 1ael¥ Step Size= 1 Aviuali v(0) =2

o

Answer: 71791 10210715 Run MATLAB Program mMeunil

-y

» [®%,y,el=c3rk(0,1,1,2)

M =
o
1
E:":
2.00000000000000 2.00000000000000
€.1%4e3137720837 0.175¢7668004419

0.30558586 ¢7?34_




Forth Order Runge-Kutta
Method

10.5.3 Forth-Order Runge-Kutta Methods

] L} ] i‘l
1 =1 wr o=t 1 g o a-' 1 =t =1 1=t =t = 1 o
IFHASINUTINE 1139088 Forth-Order Run ge-Kutta Method 9213 Variation laisinau aa a9 l5nan
ad = 4 q o d4 s o 4
Forth-Order RK Method Lﬂ HITNUININNTA TuN92na19n335375N580 Classical Forth-Order Run ge-Kutta Method 443

Lﬂwgﬂmmﬁnﬂﬁ@iﬂﬂﬁ
Voo =V, + 2 (k, + 2k, + 2k, + k)]
k= f(x.,)
o =f(x, +3hy, +3hk)
ey = f(x, +1h.y, +1hk,))
k,=f(x,+hvy +hk;)




Forth Order Runge-Kutta
Method

Example 10.5 33 1% Forth-Order RK Method ¥1 Solution U8483/713

V= f(x,v)=-2x +12x" —20x +8.5
110 x = 0audsx =1 Tagld Step Size = 0.5 Aviualsl ¥(0) =1
Y
Answer: 7179014217715 Run MATLAB Program Meuni

0
0.50000000000000
1.00000000000000

1.00000000000000
3.21875000000000
3.00000000000000

.o0ooooao0o00000
.21875000000000
.o0ooooaooo0o0o0

L =

0
B=_

3 1 ] = .
Fupahlunsaliigz1dd1n00Nia39 151039710 Solution 111U Quartic 182035135V Forth-Order RK 22111

f1ADVNLT03 39U Forth-Order Polynomial
N



Higher Order Runge-Kutta
Method

10.5.4 Higher-Order Runge-Kutta Methods and System of ODEs

L] g-‘l 1
ﬁ’lﬁﬁldﬂ1§'ﬁ1'%1ﬂm"1§]ﬂ'ﬁﬁl»‘iﬂﬂu L3181173 Eﬂﬁﬁ Order 1‘1@]»‘1151’.]1“1]&& Runge-Kutta Method P EEANG AT FIIRIGE
' e o o
Fifth-Order Method 1 ﬁ'ﬂﬂujluu’lilﬁum Butcher’s Method 1/3 zﬂEJ‘_'LIﬁ AWYAVD TFUMTAIUN

v, = v, & (T + 32k, +12k, + 32k, + 7k,

S

ko=f(x.y)

fa= 0+ o + 3k

Jey = f(x, + 10y, + Lhk, + L hk,)
ky = J(x, +3h.y, =3k, + k)

ko = f(x, +2h,y, + 2 Wi, + 2 hk,)

ks = f(x; +h,y, =3 hk, + = hk, + 3 hky — % hie, +3 k)

s1eazpeaiz linda1nae dnany anlvanso@en 1U5unsy MATLAB §1%5uanstauyiaznaasd

LY
0

1111 1FuAaun13 ODE wianls suieudiuisnainauted

e



Comparison

dv/dx =4e"% —0.5y




Chapter 12 Homework (HW 11)

- Download HW 11(ODE)uaz1inlu
Sheet

- Option slasseAsu 10 asuaz'laidu
©lucavsv
- aziiy 10 HW nazuuuunnngn
- 49BN 4 N.A. NMiasna 5-310 Aau
STHE
- l3diunn 13 Curve Fitting
» Course Ends



Final Exam Preparation

e gn9aziuun

e 2lAZAUN 7 212 tRan1 5 2a 10x5 =
50 azuuy wguiluazuuuduy 50%0

- 2 7ia ifludasnau Midterm (Part 1
uilvaa war Part 2 uilvaa)

e 5 9iaiflusavliiu aivid

4@‘
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e 5 2ia tilutgavT1iu 1iav MT aivid
— 1. Taylor Series uazn17UszUIUA1UDY
Function 53189 Error

— 2. Root of Function (Bisection #%a
Newton)

— 3. Linear Equation 1 2@

e Gauss Elimination, Gauss Jordan, Gauss Seidel
ey LU Decompositon

— 4. Numerical Integration (Trapezoidal #%a
Simpson)

— 5. ODE 1aalaf 4t Order RK
=L




Formulas
5@) MT+§eiB0%

Numerical Methods:

Y =x — f(xn)(x? _xu)

- " f(x!')_f(xn)
=g (.t{.) (Simple One-Point Iteration)
X,
I )

B CH
_ f(x,)[xg_l -]
Sx) = F(x)

( Secant Methed Formula )

el TN

LU Decomposition:

ly=a,. fori=12...n
a

Uy = L for j=23...n
Fll

For J':2.3.....n—1

J-
:(JU—ZQ’MHJ fori=j.j+L...n
p=
i1
i — Z zﬁ'”"jf
i=1
ik
1,
n-1

— Z]nkuﬁm
k=1

Simpson’s 1/3 Rule:

= %"[f(xo) +4/(x)+ f(x,)]

Simpson’s 3/8 Rule:
122010+ 3/ )43/ () + /)

Rhomberg Integration:

k-1
4 I, J+Lk-1 Ij.."{—l

IJ:k 4&' |
ODE
Euler’s Method:  ¥,,; =¥, + f(x,,v,)]
Heun’s Method:
¥ o=y S y)h
L SGL)H f vk,
2

Vi =V (0 V)R

¥

.{1_.{

Polygon Method:

Ralston Method:

-Ralphson Formula)

Jork=j+1Lj+2..,

(False-Position Method)

n

J(x)=f(0)+ / II(TO) X+

4 1 2 A}
V=2 | Th+Sh, Jh
\3 37

k= F(x.5)
k= f(x+ 20y, + 2hE)
Classical Fourth Order Runge-Kutta Method:
Vig =, + Bk, + 2k, + 2k, + k)]
ko= f(x.¥)
ky = f(x,+3hy, + $hi,)
ky=f(x,+3h v, +1hk,)
ky=fQx,+hy, + hicy)

Taylor Series Expansion:

F) = fla)+ f(“)(\

—a)+=

@
I ((a (x—a)’+ f %I(a)(l‘

Zf (n)(‘ ay Zf ((’J(\

n=0

Maclaurin Series:

/10
2! 3!

o {n)
300,

=

o 2 3 4

- X X X kY
€ =) —=l+x+—+—+—+-Wx
=l 200 3 4

® 7l

log(l—x)= fzt—f

n=1

—l<x <l

o ‘_‘:ﬂ
log(l+x) =Y ()" = —l<x<l
Z( n

N ) L LR
smx:zi, el X Y
s (2Zn+1)! 38
1 ¥
Cosx—z( ) =1- X 4% vy
;10(2”)I 2! 4!

-_(1)3_,_..‘

@
+ ARG x4+
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Curve Fitting

Uaegadv 1'ladayannnsialuguy il
anerastiluam LLaumavmaomsm FuncTuon
maﬂmmmamtwamamaammmu

Function dhaqildduda Polynomial 1
Degree 6199

Function Aaduiuaiaudiulsun Cosine
Function

ﬂ'ssmﬁmmu Lwamammwao Function maﬂ
senIN9aaTilsTa dois15an Interpolation




Interpolation




Linear Interpolation

Y




Second Degree Piecewise
Interpolation




Third Degree Piecewise
Interpolation




Higher Order Degree

- ludlaulyd wsizaziianis Oscillate L6

+ Function fisaasianas Polynomial a¢'lai
siaLilag

* N Degree 3zl N+1 3asdniuniaruad
Function

M

4@‘

\




Spline Interpolation

\flun135le Polynomial Degree sinq 7ilauda Third
Degree 15a Cube

- 1380 Cubic Spline

Cubic Spline agw1 Polynomial annviay 2 3a(lulyd 4)
wedyAu liisaanaserIvuaay Polynomial fimana
siatilad taafirnualil Polynomial neadudl First
Derivative wag Second Derivative tviniu

2 a6 2 &uA1T wANuangaIduN1Tuad First uas
Second Derivative tilu 4 &un1s 4 Unknown

Niarauasiiasguné First Derivative annauns
lunI9 uavsuyh Second Derivative wvinfiugue a1l
137511 Natural Spline

ludgAtiauunniIn




Spline Interpolation

Y




n13AUaL Cubic Spline
Interpolation (1)

- WANTUIRNAAUDIMNIAENY (X, Y);1=0,...,n-1

. 157629015810 Curve luIaLaTE Taald
Third Degree Polynomial

y = f,(X) = a, + ax+ a,x* + a,x’
- 41 4 Unknown 716129111 695lu6iad&5719 4 &1N15 WA
1o 4 aauag Data Tunsua

- Wafa 37 Degree Polynomial asainruvias 4 an
duiluazfisansanng 4 aa Alis1uBGay asanue
az 4 anazlal Polynomial Auazifu

A lynomial MsianuazlayasInAunsaaca




msfua Cubic Spline
Interpolation (2)
- Example: inviun Data 7 aneadl
-Y,=[2034531;X,=[0123456]

+ AU Third Degree Polynomial 7
a¢ Fit Data wvail

M

4@‘

\




msaun Cubic Spline
Interpolation (3)

Yo 5 §Y1

151612972 Cubic Polynomial 2 éhusn Fit 4 3ausn
a2 2 Fit 4 3ada'ld Teaxan 4 fluaasiu

<3



Cubic Spline Int.(4)

* Polynomial sasn drudanleavil

2=2a
O=a,+a +a, +a,
3=a,+2a, +4a, +8a,
4=a,+3a +9a, +2/a,

c WARUNNNSILE

Y, = 2— 6.8333x + 6x° —1.1667X
Agzﬂ

\




Cubic Spline Int.(5)

+ Polynomial d7idady durew'leeiodl
4=a,+3a, +9a, +2/a,
5>=a,+4a +16a, + 644,
3=a,+5a, +25a, +125a,
1=a,+ 63, +36a, + 21643,

« WARUNNILE

y, = —47 +35x—7.5x* + 0.5x°
4@‘

\




Cubic Spline Int.(6) \




Cubic Spline Int.(7) \







Cubic Spline Int.(9)

- F9NLIavN19AavinlviTaanas ULl

- Taansitnualiia First Derivative Mdanauag
Polynomial éauwsn windua First Derivative 1136
siuuag Polynomial a3 2

- andeaniily AatlvAulii@ First Derivative M3asiu
2a9&a9 Polynomial Muneany daAvinau

- Tunsalismd@unsadgse 4 gunls a4
Coefficient laannteavm1uay Function Naavln
aZAUag First Derivative Naadaniiu (4 @1 574)

« AAMAR ueiazIvuad Data (321IN9&RIRA) LTI1ATATUIN
Third Degree Polynomial ##i967




Cubic Spline Int.(10)

+ WAsaunAn Data n 3auav x.i=1,..,n Aa vy,
i=1,..,n 1576129A1311 Cubic Polynom|a|
S.(x) ienum n-1 function Wavinns
Interpolate A1ssnitvan Tunsiaznvuay
H29ANNAAAU

S (X); X, < X< X,

s =) B0 X<

Sh-1(X); Xn_1SX<Xn
§(¥)=a(x=x)’+h(x=x)*+¢(x=x)+d;i=12..,n-1



Cubic Spline Int.(11)

+ 115 Polynomial MldtfuudAnisideu
Variable 1aaidau (Delay) sun1sannya
X TWuNagNELKkU fue

- A1 First uay Second Derivative uay
weiae Polynomial ahusausadlamnoll
§()=8a(x=%)"+b(x=x)"+c(x=x)+d
§'(¥) =3 (x=%)"+20 (x=x) +¢

S (X) =68 (x-x) +2b

M

\




Cubic Spline Int.(12)

- 6130 X: LHuxaIuszIvEad
Polynomial nani@a
S(%)=5.4(%)
* UWALTRA X, L51ALLERAUAY Function @Aa

Y =s(%)=a(x -%) +h (% —%)"+c(% —%)+d

Y = di

- yanandl 1 LE(FUNEILERLIARN
MIAENIAIELTLEZUNILUINAY)

Vi =5.4(%) =8, (% —%1)” +B1 (6 —%4)" + G (% —Xy) +di

y =d =a_h’+b_h°+c_h+d_; h=x-x_i=23..,n



Cubic Spline Int.(13)

« LIFIFIFUNITINNATAUR First
Derivative aadansalyitinau

. §'(%)=5.,(%)
- AIUU L5T'lE
§'(X) =3a (x—x)*+2b (x—X)+¢
§'(x)=¢=5,'(x)=3a_h"+2b_h+c_;i=23,..,n-1
uananfluay @1 Second Derivative
G adGaLlaIAUANRAAUII

s"(X,)=5.,"(X,,);i=12,..,n-1




Cubic Spline Int.(14)
- weAn §'(X)=6a(x—x)+2b
. F9tiu
§"(x)=2b
c UAY 3+1”(Xi+1)=2b.+1
§"(%.1) =68 (x,; —%)+20 =6ah+2n
AR
§"(X,1) =S4 (X0 1=12,...,n-1
- 1le
@@

\

2b,, =6ah+2b




Cubic Spline Int.(15)

Walvgun1sadng 1siuue
M; =5"(%)

9/
Q/ Q/

* BIIUU
b =M. /2

- uazn'lanauning d =y

- & a uay ¢; usadaulniletilu
Mi+l_Mi
2., =63h+20 =g =~

di = a1—1h3 + h—lhz + C|—1h + di—1

d_ —ah’+hh?+ch+d =c :M—(Miﬂ*mijh

h 6




Cubic Spline Int.(16)

- aslaaslunisA gl

_ |\/Ii+1_|v|i
4 6h
M,
Ly
C = Yiia Y _(Mi+1+2Mi)h
h 6
di:yi

- atdautusduas Matrix 191l

:‘@‘

\




Cubic Spline Int.(17)

* QM

§'(%.1) =3ah”+2bh+c =5,,'(X,) =C.,
3|:Mi+1_Mi:|h2+2|:l\gi:|h+ Yia— Y _(Mi+1+2Mijh: yi+2;yi+1_(Mi+2+2Mi+1)h

6h h 6 6
D(Mi +4M.,, + Mi+2): Yi = 2¥iat Vi
6 h

M +4M. __ +M._, =%(yi _Zy‘ﬁﬁ y”zj; 1=123,..,n-2

- grunsardauilugunis Matrix 1669il

’\

4@‘

\




Cubic Spline Int.(18)

M

Mz y1_2y2+y3
0141 - 000 0] Mg Y, —2Y,+Y,

M

4 ys_ZY4+y5

0000 - 410 0|M,_, Yoa = 2Yn3t Yoo
000O0 - 1410|M_ Yoz = 2Yn ot Yo
0000 :--0141|M_, | Vo= 2Yat Y,

M |

- szuylsenauldela n-2 &un1suas n unknown
AVUULINAYN19AN &ad Condition tWan
U0 CLULATUAT LG

- &a9 Condition fusatdanleaviarawuy vinlwias
. gria’rion 2a9 Cubic Spline Interpolation wane

ol



Cubic Spline Int.(19)

. lunilaznanifie Spline auuuy A
ga9 Condition MATUALANLAN
- Natural Spline
- Taansiinua M;=M =0
- Parabolic Runout Spline
- Taansatvun Mi=M, wae M =M,
- Cubic Runout Spline
' ‘Emums‘l?j" M=2M,-M; uaz M =2M, -M
- Tunfiagnanaaziaaatanie Natural
ne




Cubic Spline Int.(20)

* Natural Spline

- Wfiali Mi=M =0 Matrix azangilivida n-2
g1N15 Way n-2 Unknown @9l

4 1 0 - 0 0 O M, | Yi—2Y,+Y;

1 41 - 0 0 0O M, Y, —2Y,+VY,
014 .- 00 0| M, Ys—2Y,+ Vs
S S S : =1z ;

O 00 - 41 O0|M_, Yoa—2Ynst Yoo
O 00 - 141\M_ Yos—2Yn ot You
O O O 01 4M_ Yoo —2Y0atYa |

' amunaumﬂmm M mmmsammm




Cubic Spline Int.(21)

- &9tnmIn Coefficient Matrix YIDNELATN TP NAT
&)U DIG onal Vitflua1ae?i 49 Matrix fvilu
Matrix ‘wmaer an Toeplitz Matrix

- Toeplitz Matrix &usanndeunn’le Taaly O(n?)
Compu’ra’non Time wnuiiaziilu O(n3)
+ Algorithm 7lad@a Levinson Algorithm

- Toeplitz Matrix &u15avin LU Decomposition
Taald O(n?) LduLhaeiu
- FERsLALAUDIAUINITANLARUAY Matrix 1
Way Levinson Algom’rhm AL UANAYDULUAUDY
3111l wau"lammsﬂﬁnmmuLmu“lmmnmsw
E\azan Linear Algebra uaz Numerical Method

S




Example: Natural Spline

+ NNENALILEN L3Nl Spline uvinas Fit
Data Tunsaiil n=7, h = 1, My=M,=0
-Y,2[2034531]; X,=[0123456]

© 1UAINAS Matrix doil

4 1 0 0 O|M,] [2-2-0+3] 5

1 410 0|M,| |0-23+4] [-2

0141 0O|M,|=63-2.4+5|=6 0

001 4 1|M, 4-2.5+3| |-3

0001 4/My| |5-23+1] | O]
LAY LGAIMAUAD




M =[0, 8.9923,-5.9692,2.8846,—5.5692,1.3923, 0]

- AIUU Coefficient uav Cubic 19 6 ¥
11w
I\/Ii+1_|\/I
a’i =

| =[1.4987,—2.4936,1.4756,~1.4090,1.1603,—.2321]

b =M. /2=[0,4.4962,-2.9846,1.4423,—2.7846,0.6962]
C = Yiaa Y _(Mi+1+2|v|i jh
h 6
=[-3.4987,0.9974,2.5090,0.9667,—0.3756,—2.4641]
d =y =[2034,53]
S'g

\




Polynomial Coefficient Matrix

>> p=[a b ¢ d]

p —_—
1.4987 0O -3.4987 2.0000
-2.4936 4.4962 0.9974 0
1.4756 -2.9846 2.5090 3.0000
-1.4090 1.4423 0.9667 4.0000
1.1603 -2.7846 -0.3756 5.0000
-0.2321 0.6962 -2.4641 3.0000

o aa'lidis1azaav Plot unaz Polynomial Tuuaazaae
ny1riua 6 Polynomial waz 6 2129




Natural Spline Interpolation

\

! ! : ! : ' :
I N N S NS N S B
I N N TS -l W O
I W W S N T I
IS NN NS W NN N D N
B A0 T S R S
IS T P T W N N

| | E | | | E
1 0 1 2 3 4 5 6 7



. =R
ral Spline In’rer'pola’rlon_ )
NF?iTrl;’r De||2 = G, Second Der = B

ivative = d Derivative = BLUE
Natural Cubic Spline Interpolation = RED; First Derivative = GREEN, Secon
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Natural Spline Interpolation = R;
First D = G; Second D = B vs 6™ D Poly = K

Natural Cubic Spline Interpolation = RED; First Derivative = GREEN, Second Derivative = BLUE vs 6 Degree Poly = Black

I

1 |
SRS S wio.. UAAUUITUNUAY Polynomial 7di Degree gvaziin Overshoot
: "t ue Spline aglyi Curve Muaaunin wazlnatAagnux’dg
.oi y =0.0347x° — 0.6375x° + 4.4931x"* —15.3125x° + 25.4722x" —16.05x +

T L T T T T ey Sy 3




Regression

- 119A3Y Data M5 LAYle nsyane wazns
i1 Interpolation 628 Polynomial ag'ly
RYFURB B

+ ANFATLANLURY Data araxgtnalannaIu

THwduaulunsie veatduanisrony
Random

- a1wLAAANA Noise Tun193a

- A3 Fit @78 Polynomial #3auwsiue Spline
A aauN 11ins9AUAIINISZY




Regression: Data with Noise

Y




Polynomial Fit Noise Data %




Ordinary Simple Linear
Least-Squares Regression

Tun1sil AsdszunaAiaald Function dhaq vy

\&dUu6s9 W3a Exponential astnunsaunin

- T,G]ﬂLQWWuﬂ']L’STSWQG]ﬂ’S’SN?.Ia\‘]‘iuﬂﬂaﬂﬂﬁ\‘] LAZAIAKIVIN Data
mimﬂasa”uanﬂm”amo% |

NTWIENNSTRE Fit Miga 1aafid Error 6&a 150

Faniilun1svin Regression

AselaavgNNITLaUATY (§rnTumtlsiaen)isaean
Linear Regression

- fAgnAsi3an Simple Linear Regression lad@miueulsiaien
aumuaumsmumsoiuaaom

+ 1flagannd Multiple Linear Regression sadmiunsaivaiee
wils dowaaziflu Linear Equation lunanasia

- @NNTLEUATIAD y=ax+b (1esinslal y = a + bx delunselil
ARIRAUAT a URS b TunsAaiazaaealy)

- Parameter 2 dafidasmda a = slope uag b = y-intercept



Ordinary Simple Linear
Least Square Regression

- &uN19N Fit Naga@alit Error 30686
1INNazlAIfuad Least-Square 138n
Ordinary Least Square Regression
(OLS) (vi5a Linear Least Square)

- NA5INUAY Error anAAVRAIUAILEREIAR
229 Data tAsufuLduasITile ummaﬂ

o

» Linear Regression TadAuunalunoaéin
LW ANNFUANUTLLLLEUATIUDY
Random Variable &ava?

- Linear Regression dsztanaugnfilaiu
ae we OLS edaungn



Linear Least-Squares
Regression




Ordinary Linear Least
Square Regression (OLS)

- A1 a way b mlangunis Summation a9
Error anfinav&ay Aadnnaa
- ﬂﬁ%ﬁl'\&ﬂ%'ﬂﬂﬂﬁﬂﬂ'\’i%?ﬂ? Der'lva'rlve UAIJANANT
wazealiitvindgu 0 (3m Minima)

. W9&a9 Unknown @a a uaz b #1leannaunas
Derivative &adadun1snadlvitvindau 0 ail
- df(a,b)/da=0
- df(a,b)/db=0
- f(a,t?) Aa Sum of Square Error Function
- anenlalunmeafifi@aaan r = correlation
coefficient dushuaninduasenlaiu Fit

o)
HALNEN LS, r agdATeniing [-1,1]




Linear Least-Squares

Regression
6=y -ax-bi=12..,n . Regression line
f(a,b)=ZQ =Z(yi—a>§—b)2 y
af N ax;+b
e 22[()’. ax —b)x]=0 .
df S e hy i
b Zl(yi ax, —b)=0 X.
”ZW 2.%2.Y auuGsle Data Pair (X Y;);
)X =) i = 1,2,...,n N9LNA N IR
b=y-ax

Variable X waz Y anaaziilu
”Z XY — Z X Z Yi 16319 Continuous uas

nZ X = (Z X)? \/nz Yo — (Z V)2 Discrete

»




—22[(yi—a>g—bm=o -2 [(y, - a% ~b)] -

1
Dyix—ay x—bd x =0 D Yy -adx-nb=0
i=1 =0 =il i1 i—1
I b in (1 n n
replace In() bzizyl_aile :Y—aX

D Y% —ay X - ( Zy o Z’ﬁj X =0 L =
i=1 i=1

ni;)ﬁyi _;Xiizﬂlyi
nizn;xz—(iznllsz

a=




R r: Correlation Coefficient

s2u Correlation Coefficient Aa
Pearson Product-Moment Correlation Coefficient
dgnuindudasidruzasan Covariance aanani2avan
Standard Deviation 21aviiv&avy Variable (aavanaenv)
LAy Nsausiag laNdaN
CXY

Sy

o DRIEORIN
M = ()’ Ny - O’
r=1 %92 -1 L&AIINIAINUFUNUS LUULFUATI

atnauysal (Turdauin vasalurdvau)
a1 r tusuguaaI ludanuFuiusAuLxe




Nonlinear Regression

. TunsdlAdunselaiwmaneauiagitunla
1811503zl Function Auunvin
Regression 1aiu
- Exponential Model
- Power Equation
- Saturation-Growth-Rate Equation
- Polynomial Regression

. saaidaeatuaniuiladani

f‘@‘

\




Example

- 1. mnmsmwammamo 321 CPE 332 5¢17319
AzLUY TNEN 16 Aud1uus e fluthTueni
UnANEIAIAFEYU BIaUNFE 1aAaNaAINIFY

RNERE
Data Hour Grade Data Hour Grade
1 5 72 6 10 4.0
2 8 51 7 7 68
3 2 86 8 6 63
A 6 75 9 12 46
5 4l 88 10 8 65

- a9ld OLS Regression ua&adduwusszuingdiuilsie
&av ¥inn1s Plot Scatter Diagram wastdunsan'le
AnTUlrin@ Correlation Coefficient
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Score Obtained

100
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60
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Example

Plot the relation between class missing{Hr) vs Student score
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Example
nzlo;i_ol)q = 68; Y:%i‘ =6.8

10 L 1 10
Dy, =654 Y=—>"y =654
i=1 10 i=1

10

i XY, =4068 > x’ =538 i y> = 45084;
i=1

i=1

”ZW Zny, _ 10x 4068~ 68x 654

7 o 10x53-687 O
>< —
L)
i=1 i=1
b=Y-aX =65.4—(-5.0159) x 6.8 = 99.5079
N XYy, =D %DV,

Jan - %2 nY v - y)?
10x 4068 - 68x 654

_ — —0.9069
V10X 538 - 68%/10x 45084 — 654







End of Chapter 12

- Download

+ Homework 12 g@sfauiunsming 3 s.a.
Aau 12.00 u. (f9n&11 lanaag viag 5b-
310)

4@‘
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Course Ends

* Prepare For Exam
- sfagaudl 9 2a vinnnda (UeIavAaLauNeL)
- 3agnau Midterm azaan 3 2a an 6 uNwsA + 6
A1 MT
» 1. Function Approximation (1 2a)
- Taylor Series/MclLauren Series
» 2. Roots of Function (1 2ia)

- Bisection
- Newton-Ralphson
+ 3. Linear Equations (1 7ia) Baslazasnile
- Gauss Elimination
Gauss Jordan (Including Matrix Inverse)
- Gauss Seidel
- LU Decomposition (Crout Decomposition)




Course Ends

* Prepare For Exam

* 4. Numerical Integration (1 2ia) luaan Finite
Difference
- Trapezoidal Rule
- Simpson 1/3 Rule
- Richardson Extrapolation
- 5. ODE (1 2ia)
- Classical Forth Order RK Method 3agiéien
* 6. Curve Fitting (1 2a)
- Natural Spline
- OLS Regression




Formulas
Al MT+s1a il

Linear Regression (OLS):
nZ\,\, b AN
HZ\ 7(2\)
b= 1 —ax
: nZ\,l, Z 21
HZ\‘ —(Z\) \/1121 —(21 'y

Natural Spline:

41 0 - 0 0 Of M, N—2y,+ ¥
1 41 00 M, v =2y+
01 4 - 00 0 M, 6 M=2y,+¥s
= = hl
0 0 4 0 J‘In—s Vet = EVn3 T Voo
00 1 4 1M, Vaes = 2¥nez + Vo
kO 0 0 0 4“ J‘I"_l | L Va2 = <Vpa T
i M= A‘{l z _ &
ek T 2
c,= Vi —) (AI.A +2M, ]!
h 6
d] = "i

Numerical Methods:

X, X
X, =X, — —f( = )( ) (False-Position Method)
Sx) - flx,)
X, = g(xi) (Simple One-Point Iteration)
X,
X =X ;(( )) (Newton-Ralphson Formula)
_ f(Y;)[ i1 xf]
Y =N

flx)—f(x)
( Secant Method Formula )

LU Decomposition:

=a,. fori=12...n
1
u, =—=., for j=23..n

For j=23..n-1
Jj-1
=a, - th'i,cuij
J-1
—Zl'j,.rt,..r

Uy = 7}‘1 . Jork=

i

fori=j.j+l...n

J+Lj+2.

n-1

nn = nn Zinkuhr

Simpson’s 1/3 Rule:

——[f’(v )+4f(x)+ f(x,)]

Simpson’s 3/8 Rule:

1= () +3700) 4370+ £ ()]

Rhomberg Integration:

4#11-4-1,} l_1=k 1

I, = ;4?-17] -
ODE
Euler’s Method:  ¥,,; = ¥, + f(x,.v)h

Heun'’s Method:
."1 =y, + f(x,,v)h
Fx,v)+ f(xmvi) i
2
Vi =¥+ F(X0: Via)h

.“f—] = Tl +

Polygon Method:

Ralston Method:

1 2, )
Vo=t bkl +3k, Jh
ko= f(x,»)
¢, = f(x, + 30y, +3hk)
Classical Fourth Order Runge-Kutta Method:
V. = v, Lk + 2k, + 2k, + k)
k= f(x.»)
ky=f(x,+3hy, +1hk)
ky=f(x, +3h vy, +1hk,)
ky=f(x,+hy, +hky)

Taylor Series Expansion:

L@

f(ﬂ) A (ﬂ)

fx)=fla)+ (x—a) +

a)y+——=

Zf‘"’(a) (x—ay Zf @y _ay -

=0 g n=0

Maclaurin Series:

(x—a)’ +--

' " 3)
f(r):f(o)"' f (0).\'+ f (0) _'('2 + f (0) .T3 +
1! 2! 3!
@ (n)
_ Z&xn
= o
. ®© xir .T: x3 ,T-‘
e :Z—:1+x+—+—+—+'--: Vx
= n 20 3 4
log(l—x) = —ZL:—IS:( <1
n=1
log(l+ x) = Z( 1)"+1 —lex<l
n=1
. = -1 B ; 3 .'S
sinx = Zﬁx'”” x4 X ey W
= (2n+1)! 3t s
2 4
cos.‘rfz( D" e P S SN
= (7”)' 204
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